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ABSTRACT

We consider blind estimation of the carrier frequency o�set
of a linearly modulated non-circular transmission through
an unknown frequency selective channel. A frequency esti-
mator is developed based on the unique conjugate cyclic fre-
quency of the received signal that equals twice the frequency
o�set. We establish consistency and asymptotic normal-
ity of the frequency estimator, and calculate its asymptotic
variance in closed form. This expression enables perfor-
mance analysis of the proposed frequency o�set estimator
as a function of the number of estimated cyclic correlation
coe�cients used. Numerical simulations show that estima-
tion and compensation of the carrier frequency o�set in the
presence of an unknown frequency selective channel can be
performed with no loss in performance relative to methods
where the channel is pre-equalized �rst and the frequency
o�set is compensated afterwards.

1. INTRODUCTION

We assume that a linearly modulated signal is transmitted
through an unknown frequency selective channel. Assuming
a carrier frequency o�set ∆f0, the received signal ya(t) can1

be expressed as:

ya(t) =

( ∞∑
k=−∞

skha(t− kTs)

)
e2iπ∆f0t + wa(t),

where {sn} is a zero-mean unit-variance i.i.d. non-circular
(Es(n)s(n + τ ) = δ(τ )) sequence of symbols, 1/Ts is the
baud rate of the transmitter, and ha(t) represents the con-
volution of the transmit and receive �lters with the un-
known multi-path channel. Additive noise wa(t) is assumed
normally distributed.

We wish to estimate ∆f0 and the channel in order to
retrieve sk. Traditionally, channel and residual carrier fre-
quency o�set (FO) estimation is performed by transmit-
ting periodically a known training sequence. However, such
an approach reduces the e�ective transmission rate and is
not feasible in many applications such as multipoint or dis-
tributed communication networks. It is therefore useful to
explore blind solutions.

1We use the subscript a for continuous-time analog signals.

So far, only a few works have addressed the joint blind
estimation/equalization of the channel in the presence of
residual carrier (see e.g., [5], [9], [14], [4]). These approaches
rely on a two-step procedure: �rst, the channel is equalized
using a constant modulus algorithm (CMA), and second the
residual carrier is tracked at the output of the equalizer.
However, it is well known that this approach is successful
only if the symbol sequence is circular [13]. Minimization of
a kurtosis-based criterion enables channel equalization with
a non-circular input constellation, but only in the absence
of residual carrier [13]. Therefore, devising FO-estimators
in the case of non-circular symbol constellations is well mo-
tivated. This paper shows also that estimation and com-
pensation of the carrier frequency can be performed with-
out pre-equalizing the unknown channel and with no loss
in performance relative to the scenario when the FO is esti-
mated from the equalized output of the channel, assuming
perfect channel knowledge.

We focus on the estimation of ∆f0 from the discrete-
time signal y(n) = ya(nTs) which can be written as:

y(n) =
L∑

l=0

h(l)sn−le
2iπn∆f0Ts + w(n), (1)

where L is the order of the discrete-time equivalent channel
hl = ha(lTs), l = 0, . . . , L, and w(n) = wa(nTs). It turns
out that the frequency α0 de�ned by:

α0 = 2∆f0Ts (2)

is the unique conjugate cyclic frequency of y(n) [15]; i.e.,
y(n) is cyclostationary with cyclic correlation:

rc(α; τ ) := lim
N→∞

1

N

N−1∑
n=0

E[y(n+ τ )y(n)]e−2iπαn

= δ(α− α0)
∞∑

k=−∞
hk+τhk = δ(α− α0)rc(α0; τ ).

Let superscript T stands for transposition. Since for each τ ,
rc(α; τ ) = 0 when α �= α0, the conjugate cyclic correlation
coe�cients provide enough information to retrieve α0 (∆f0)
as follows:

α0 = arg maxα∈(−0.5, 0.5)J(α) , J(α) = ||rc(α)||2 ,



with rc(α) := [rc(α;−M) · · · rc(α;M)]T , and 2M + 1 de-
notes the number of conjugate cyclic correlation lags con-
sidered. In practice, the unknown ensemble correlations
rc(α) are estimated using the sample estimate:

r̂c,N (α) =
1

N

N−1∑
n=0

y2(n)e
−2iπαn,

where y2(n) := [y(n−M)y(n) · · · y(n+M)y(n)]T , in which
case α0 can be estimated as:

α̂N = arg maxα∈(−0.5, 0.5)JN (α) , JN (α) = ||r̂c,N(α)||2 .
(3)

Although widely used, the asymptotics of α̂N have not been
studied rigorously in previous works. In this paper, we
prove its consistency and asymptotic normality. We also
show that the rate of convergence of α̂N is N3/2 and pro-
vide a closed form for its asymptotic variance de�ned by:

γ = lim
N→∞

N3
E
[
(α̂N − α0)

2
]
. (4)

The starting point of our work is the observation that cer-
tain cyclic frequency estimation problems can be formulated
as frequency estimation problems of sinusoids corrupted by
additive noise, and that the cost function JN (α) is equiv-
alent to a periodogram [3], [12], [15]. The standard ap-
proach to asymptotic analysis of periodogram estimates is
to introduce an auxiliary nonlinear least-squares problem
[1], [6], [7], [8]. However, calculating variance of α̂N by
this approach necessitates complicated manipulations that
do not lead interpretable closed form expressions if M > 0.
In this paper, we show that the auxiliary nonlinear least-
squares criterion is not necessary. We establish the asymp-
totic properties of α̂N by using an alternative approach and
obtain a closed form expression for the asymptotic variance
of α̂N . We rely on this expression to discuss also the choice
of M . We show that if M is greater than the channel mem-
ory L, then the variance is proportional to the variance of
the additive noise, and thus converges to 0 when the sig-
nal to noise ratio increases. It is therefore quite reasonable
to choose a large enough value for M . Choosing M large
enough leads to improved performance of the estimate (un-
like [3] and [15] that consider M = 0). We �nally note
that our results can be extended to harmonic retrieval in
multiplicative and additive noise [3], [15].

This paper is organized as follows. In Section 2, we
study the asymptotic behavior of α̂N , and derive its asymp-
totic variance. In Section 3, simulations are performed to
test performance.

2. ASYMPTOTIC ANALYSIS

Let e(n) be the zero-mean (2M + 1) × 1�estimation error
vector:

e(n) = y2(n) − E[y2(n)]. (5)

Vector e(n) is cyclostationary, and using (1) we have:

y2(n) = rc(α0)e
2iπα0n + e(n). (6)

Thus, y2(n) can be interpreted as a harmonic of frequency
α0 corrupted by the additive noise e(n). Moreover, the

criterion JN (α) in (3) is a periodogram because

JN (α) =

∣∣∣∣∣
∣∣∣∣∣ 1

N

N−1∑
n=0

y2(n)e
−2iπαn

∣∣∣∣∣
∣∣∣∣∣
2

.

Several works have been devoted to retrieving harmonics in
additive noise [1], [6], [7], [8]. However, the di�erences be-
tween the present context and these works are: i) e(n) is not
stationary but cyclostationary, and ii) y2(n) is multivari-
ate. Most of the results in [1], [6], [7], [8] can be generalized
when e(n) is cyclostationary [12]. Hence, one can follow
the approach based on the auxiliary nonlinear least-squares
estimation (NLSE) problem:

[θ̂N , α̂
(K)
N ] = arg minα∈(−0.5, 0.5),θ∈C(2M+1)KN (θ, α),

where KN (θ, α) is the cost function de�ned by

KN (θ, α) =
1

N

N−1∑
n=0

∣∣∣∣∣∣y2(n) − θe2iπαn
∣∣∣∣∣∣2 .

Establishing consistency and asymptotic normality of the

NLSE α̂
(K)
N follow standard methods. Moreover, it can be

shown that α̂
(K)
N and α̂N are asymptotically equivalent, i.e.,

they have the same asymptotic variance. However, calculat-

ing the variance of α̂
(K)
N is quite di�cult because it requires

the asymptotic covariance matrix of the vector-valued es-

timate [θ̂N , α̂
(K)
N ]. Using this approach, it is quite di�cult

(not to say impossible) to obtain an interpretable closed
form expression if M �= 0. We will thus analyze the proper-
ties of α̂N without introducing the auxiliary NLSE problem.

As the �lter h(l) in (1) is FIR, e(n) satis�es the following
mixing condition under very mild assumptions on w(n). In
the following, ∗ stands for complex conjugation.

Condition 1 . If e
(0)(n) = e(n) and e

(1)(n) = e
∗(n),

then:

∀L,∃ML <∞,∀n1,∀(ν1, . . . , νL) ∈ {0, 1}L,∀(N,N ′)

N∑
n2,...,nL=N′

∣∣∣∣∣∣cumL

(
e
(ν1)(n1), · · · , e(νL)(nL)

)∣∣∣∣∣∣ ≤ ML.

Using Condition 1, it is possible to prove the following
lemma:

Lemma 1 . If S(K)
N (α) := 1

NK+1

∑N−1
n=0 n

K
e(n)e2iπαn, then

∀K ∈ N, supα∈[0,1]

∣∣∣∣∣∣S(K)
N (α)

∣∣∣∣∣∣ a.s.−→ 0, as N → ∞.
This result extends the key lemma in [7] to vector cyclosta-
tionary noise. By using Lemma 1, we can establish consis-
tency of our frequency estimator without using the auxiliary
criterion. Due to lack of space, we just sketch the proof. Us-
ing (6), one obtains that JN (α) is a sum of four terms. The
�rst term of JN (α) is:

TN (α) =

∣∣∣∣∣ 1

N

N−1∑
n=0

e2iπ(α0−α)n

∣∣∣∣∣
2

||rc(α0)||2 .

Using Lemma 1, we show that as N → ∞, JN (α̂N ) −
TN (α̂N ) → 0. As α̂N maximizes JN (α) and TN (α̂N), we

note that (1/N)
∑N−1

n=0 exp (2iπ(α0 − α̂N )n) converges to a
non-zero value. Finally, we establish that:



Theorem 1 Under the mixing Condition 1, α̂N satis�es

α̂N − α0
pr.→ 0 and N(α̂N − α0)

pr.→ 0,

in probability, as N → ∞.

To establish the asymptotic normality of α̂N , we note that
(∂JN (α)/∂α)α=α̂N

= 0. Using a �rst order expansion of
the derivative of JN around α0, we obtain that

δα̂N = −
[
∂2JN (α)

∂α2

∣∣∣∣
α̃N

]−1
∂JN (α)

∂α

∣∣∣∣
α=α0

, (7)

where δα̂N := α̂N − α0 and α̃N is a scalar between α0 and
α̂N . We de�ne:

AN =
1

N2

∂2JN (α)

∂α2

∣∣∣∣
α=α̃N

, (8)

BN =
1√
N

∂JN (α)

∂α

∣∣∣∣
α=α0

. (9)

Plugging (8) and (9) back into (7), we obtain:

N
3
2 (α̂N − α0) = −A−1

N BN . (10)

By using the mixing Condition 1, simple algebraic manipu-
lations and Lemma 1, we can prove the following theorem:

Theorem 2 Under the mixing Condition 1,

AN
pr.→ γA ∈ R

+
(in probability)

BN
distr.→ N (0, γB) (in distribution)

as N → ∞, and N (m, c) stands for a Gaussian distribution
with mean m and covariance c.

Using (10) and this result, we deduce our main result:

Theorem 3 Under the mixing Condition 1,

N
3
2 (α̂N − α0) → N (0, γ) (in distribution),

as N → ∞, and γ = γ−1
A γBγ

−1
A .

As expected, the convergence rate is N3/2. Moreover, it is
possible to show that the asymptotic variance γ is given by

γ =
3

π2

RH
c (α0)GRc(α0)

||Rc(α0)||4
, (11)

where:

Rc(α0) =

[
rc(α0)
r∗c(α0)

]
, G =

[
Γ −Γ(c)

−Γ(c∗) Γ∗

]
,

with:
Γ = lim

N→∞
NE

[
δr̂c,N(α0)δr̂

H
c,N (α0)

]
,

Γ(c) = lim
N→∞

NE

[
δr̂c,N(α0)δr̂

T
c,N (α0)

]
,

δr̂c,N(α0) = r̂c,N(α0) − rc(α0),

and the superscript H stands for conjugate transposition.
We now study the behavior of γ when {sn}n∈Z is real-
valued. After some straightforward, but tedious manipu-
lations, we obtain the following result:

Theorem 4 If the constellation is real-valued, γ can be ex-
pressed as

γ = T (M) +O(σ2), (12)

where σ2 represents the variance of w(n) (w(n) need not to
be white). Moreover, if M ≥ L, then T (M) = 0.

This theorem shows that ifM is chosen greater than L, then
the asymptotic variance of α̂N is an O(σ2) term. Therefore,
the parameter M greatly in�uences the performance of our
frequency o�set estimator.

3. SIMULATED PERFORMANCE

We assume BPSK modulation for the transmitted input
symbol stream. The channel h(l) is the convolution of a
square-root raised-cosine shaping �lter with rollo� factor
ρ = 0.2 and an unknown multi-path channel. The complex
amplitudes and the time delays of the paths are Gaussian
distributed. The probability distribution of the time de-
lays is chosen to satisfy the condition L ≤ 15. In each
simulation, we average γ over 100 Monte-Carlo channel re-
alizations.

To verify Theorem 4, Table 1 depicts the values of γ
versus M in the noiseless case. As M > L, γ vanishes.

M 0 6 12 18

γ 15 10−4 10−8 0

Table 1: γ versus M in noiseless case

We now consider the noisy case and assume that w(n)
is white, and SNR= 20dB. In Figure 1, we plot the asymp-
totic variance versus the number of lags M . In order to
evaluate the channel's in�uence on the performance of α̂N ,
we plot also the asymptotic variance corresponding to a
�at-fading channel, i.e., no inter-symbol interference (ISI)
e�ects (SNR= 20dB in this case, too).

We note that the number of lags M a�ects greatly the
performance. In particular, the variance decreases when
M increases. Moreover if M ≥ 15, then the estimate has
nearly the same performance as if y(n) were not corrupted
by ISI. This implies that there is no bene�t in estimating
the residual carrier after channel equalization.

In Figure 2, we plot the variance of α̂N versus SNR. If
M = L, the variance converges to 0 for high SNRs, and
it comes close to the values attained in the absence of ISI
(h(l) = δ(l)). When M = 0, the variance γ does not de-
crease and converges to a non-zero residual error �oor equal
to T (0), which is given by (12).

4. CONCLUSION

We have analyzed rigorously the asymptotic performance of
a frequency o�set estimator assuming an unknown frequency-
selective channel and non-circularly distributed symbols.
We have shown that the proposed estimator is consistent,
asymptotically normal, and that its convergence rate isN3/2.
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Figure 1: γ (in dB) versus M in the noisy case

Our approach leads to a closed form asymptotic variance ex-
pression. We based of our interpretable formula to analyze
the in�uence of the number of cyclic correlations (delays) on
the FO estimator performance and have shown that the pro-
posed FO-estimator achieves almost the same performance
in the presence or absence of ISI e�ects.
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