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ABSTRACT

Thispaperproposesasimpleequalizerfor arecentmulticarrier
blocktransmissionschemewhichpadszeros(asopposedto acyclic
prefix) in eachtransmittedblock. In the absenceof high-power
amplifier inducednonlineareffects, it is shown that the resulting
schemeis simply the dual of the classicalCyclic Prefix OFDM
transceiver. Comparisonbetweenthe two systemsthat takes into
accountnonlineardistortionsintroducedby theclipper is alsoper-
formed in the practicalcontext of the wirelessbroadband5GHz
HiperLAN/2 system.Boththeclassicalpilot-basedaswell asnovel
(semi-)blind subspacealgorithmsareappliedfor channelestima-
tion. Theadvantageof subspacemethodsin loweringthevariation
of channeltrackingis corroboratedwith simulationswhich verify
practicallyaccuratechannelestimatesalongthebursts.

1. INTR ODUCTION

Thoughunnoticedfor sometime, therehasbeenan increas-
ing interesttowardsmulticarrierandin particularOrthogonalFre-
quency Division Multiplexing (OFDM), not only for digital audio-
andvideo-broadcasting(DAB and DVB) but also for high-speed
modemsover Digital SubscriberLines(xDSL), andmorerecently
for small areamobile wirelessbroadbandsystems(ETSI BRAN
HiperLAN/2, IEEE802.11aandMMAC).

In orderto enableaverysimpleequalizationschemein thefre-
quency domain,classicalmulticarriersystemsinsertatthetransmit-
ter, after IFFT modulation,a time-domainredundantCyclic Prefix
(CP)of lengthlarger thantheFIR channelmemory(seee.g.,[?]).
At thereceiverend,CPis discardedto avoid interblockinterference
andeachtruncatedblock is FFT processed– anoperationconvert-
ing the frequency-selective channeloutput into parallelflat-faded
independentsubchanneloutputseachcorrespondingto a different
subcarrier. Unlesszero, flat fadesare removed by dividing each
subchanneloutputwith a simplegainequalto thechanneltransfer
functionvalueat thecorrespondingsubcarrier.

Insteadof insertingthe CP, it wasproposedrecentlyin [?] to
padTrailing Zeroes(TZ) (a null signal)at the endof eachIFFT
modulatedblock. This new modulation,sotermedTZ-OFDM, in-
troducesthe sameamountof redundancy asCP-OFDMand thus
resultsin the samebitrate loss. Interestingly, TZ-OFDM assures
channel-irrespectiveretrieval of thetransmittedsymbolblockseven
when a channel zero is located on a subcarrier which is not possi-
ble with theCP precoder[?]. Thepricepaid by TZ-OFDM is in-
creasedreceivercomplexity (thesingleFFTrequiredby CP-OFDM
is replacedby FIR filtering).

In this paperwe take a closerlook at TZ-OFDM and estab-
lish thateventhereceiver complexity canbemadeequalto thatof
CP-OFDM.Specifically, we proposea simpleequalizationscheme
basedon the well-known overlap-and-add(OLA) block convolu-

tion algorithm(asopposedto theoverlap-and-save(OLS)approach
exploitedby CP-OFDM).As a tradeoff, theresultingTZ-OFDM-
OLA transceiver inherits CP-OFDM’s simplicity in equalization
but also forsakes TZ-OFDM’s channel-irrespective blind identifi-
ability andsymbolrecovery. Interestingly, basedon theOLS/OLA
link, we show that in the absenceof high-power amplifier (HPA)
nonlinearities(NL) TZ-OFDM-OLA is in factthedualof CP-OFDM
systemby atranspositionof theirflow graphs.For this reason,they
sharethesameglobaltransferfunctionandareexpectedto perform
similarly. BecauseHPA-NL have to betaken into accountin prac-
tice,weconsiderthePeakto AveragePowerRatio(PAPR)asfigure
of merit [?], andcompareTZ-OFDM-OLA with CP-OFDMboth
analyticallyandwith realisticsimulationstailoredto the practical
context of theHiperLAN/2 (HL2) standard.

Additionalcomparisonsareperformedbetweentwo semi-blind
subspace-basedchannelestimatorsdevelopedfor the CP andTZ
precodersof [?] and[?], andbotharealsocomparedwith thecon-
venionalpilot-basedapproach.To complywith theHL2 standard,
somemodificationsof thesealgorithmsare derived hereinin or-
der to accountfor thepresenceof zerosubcarriersthatareusedto
provide frequency guard-bandsbetweenadjacentOFDM systems.
Althoughoftenignoredin theliterature,accountingfor theseguard-
bandsis importantbecausethey causerankdeficiency of thetrans-
mittedsignalcorrelationmatrix. In additionto modifyingsubspace
channelestimationalgorithms,we alsoshow in this paperhow to
remove their inherentscalar-ambiguityby resortingto asemi-blind
least-squarescriterionthatincorporatespilot subcarriers.

2. DESCRIPTION OF THE TWO SYSTEMS

Figure3 depictsa classicalCP-OFDMsystem.ThesizeN in-
put digital vectors

�
k � is first modulatedby the inverseof theFast

Fourier Transform(FFT) matrix F � F � 1
N . Then a CP of length

D is insertedbetweeneachgeneratedtime domainblock vector
s̃
�
k � . Thecomponentsof theresultingvectors̃cp � n � arefinally sent

sequentiallythroughthe channel. The total numberof time do-
mainsamplesto be transmittedperblock is thusP � N � D. The
channeleffectsaremodeledby a FIR filter with impulseresponse
coefficients h ��� h0 ����� hN � 1 	 T and the addition of a white noise
b̃n of varianceσb

2. In practice,the systemis designedsuchthat
N 
 D 
 L whereL is thechannellength(i.e. hi � L � 0).

At the receiver, the CP is simply removed yielding to the fre-
quency domainequivalentparallelcarriersmodelof figure1 where
h̃ ���H0 ����� HN � 1 	 T � FNh, whereHk denotesthechannel’s trans-
fer functiononthekth subcarrier. ThisCP-OFDMpropertyderives
from thefastconvolutionalgorithmbasedontheOLSapproach[?]
whichenablesa verysimpleequalization.

Theleft partof Figure4 presentstheTZ precoderasproposed
in [?] wheretheCPinsertionis replacedby the transmissionof D
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trailing zeroesat the tail of the modulatedblock s
�
n � resultingin

stz � n � . The right part detailsthe receiver equalizationschemewe
proposewhich is basedonanOLA approach:
 as for the CP-OFDM case,the linear channelfiltering is

first turnedinto circularconvolution(modeledby acirculant
matrix multiplication)by addingthe lastD samples(corre-
spondingto the TZ insertion)to the D first onesof the re-
ceivedblock;
 becausecirculantmatricesarediagonalizedby theFFT [?],
just as in the CP case,the channeldistortionsare viewed
after the FFT demodulationassimplescalargainsapplied
oneachsubcarrier;
 then the obtainedblock of samplesis simply equalizedas
usualby multiplyingeachof its componentbyanestimateof
thecorrespondingfrequency channelcoefficient conjugate.

3. EQUIVALENCES AND COMPARISONS

SincebothCPandTZ precoderssharea similar simpleequal-
izationschemeandgive riseto thesameparallelflat fadingcarriers
model of figure 1, we are promptedto investigatelinks between
the two transceivers. Towardsthis objective, onecanredraw both
systemsasMIMO flow graphs[?] andshow thatTZ-OFDM-OLA
with its simpleequalizationstructureis simply thetranspositionof
theCP-OFDMflow graph.In fact,directapplicationof Tellegen’s
theorem[?] leadsto thefollowing result:

Theorem: Assuming a linear time invariant baseband model
(corresponding to a static channel free of non-linearities introduced
by the RF front-end), TZ-OFDM-OLA with its simple equalization
structure has exactly the same baseband transfer function than the
classical OFDM system.

Hence,bothsystemscanbeexpectedto performthesamein a
givencontext. However, it is well known that theHPA introduces
nonlineardistortions[?] which destroy orthogonalitybetweenthe
carriersanddeterioratethe OFDM systemperformanceby intro-
ducingintercarrierinterference.Thus,even if correctionmethods
have beendeveloped[?], it is shown below that, for a given clip-
ping ratio (numberof clippedsymbolsdividedby thetotal number
of transmittedsymbols),themeantransmittedpowerby TZ-OFDM
is smallercomparedto CP-OFDM.

In thefollowing, theHPA is modeledasanidealclipperandthe
amplitudesof its input, � s̃k

�
i ��� areassumedapproximatelyRayleigh

distributed. This assumptionis well justified (especiallyfor large
N) sincethe IFFT precodingthat takesplacein both CP andTZ
precodersmapsthe finite-alphabetsequencesk

�
i � , to the approxi-

matelyGaussiani.i.d. sequencẽsk
�
i � thathasapproximatelyRayleigh

distributedamplitudes� s̃k
�
i ��� . Underthisassumptionwehaveshown

thattheclippingratioof thetwo transmittersfor agivenInputBack-
Off arerelatedasfollows:

CTZ � N
P

10� Boff
20 e � 10

Boff
5 � N

P
CCP � (1)

From anotherangle, if one fixes the clipping ratio to a common
valueC � CTZ � CCP, the two precodersrequiredifferent Input
Back-Offs andtheir transmitterSNRaregivenby:

SNRCP � σ2
s

σ2
b

10� BCP
off
10 � P

N
SNRTZ10� BCP

off � BTZ
off

10 (2)

where σ2
s
�
σ2

b � denotesthe information symbol (noise) variance.
TheSNRdifference∆SNR : � SNRCP � SNRTZ canbe foundfrom

(2) as: ∆SNR � 10log
�
1 � D

N ��� BTZ
off � BCP

off � 10log
�
1 � D

N � where
thelastapproximationholdsfor smallclipping ratios.For theHL2
transmissionsdetailedin thenext section,D � N � 0 � 25, andfigure
2 shows that clipping effectsaloneentail excessSNR incurredby
theCPrelativeto thatrequiredby TZ precodingashighas0.96dB.
However, thisdegradationmaybecompensatedby someparticular
propertiesof theTZ precodersuchastheexistenceof thespecific
subspacechannelestimationmethodpresentedin 5. This moti-
vatesoursubsequentcomparisonbetweentheTZ-OFDM-OLA and
theCP-OFDMsystemsbasedonsimulationsfor aspecificscenario
whichalsoincorporatesdifferentchannelestimationmethods.

4. HIPERLAN/2 AND CSI WITH TRAINING

We have chosento comparethe two precodersin the practi-
cal context of the HL2 broadbandwirelesscommunicationstan-
dard(similar to IEEE802.11a)currentlyunderdefinition. HL2 is
a multicarrier systemsoperatingover 20MHz in the 5GHz band
at typical SNR valuesof 5-10 dB for terminal speedsv � 3m � s.
The numberof carriersis N � 64 andthe CP is D � 16 samples
long. AmongtheseN carriers,12 carriersarenull-carriers(includ-
ing the middle null correspondingto the DC componentand the
zerospaddedon both endscf. figure 3 in order to provide fre-
quency guardbandsagainstco-channelinterferencefrom adjacent
OFDM systems).AmongtheremainingK � 52“central” subcarri-
ers,4 arefixedpilotscarryingknown QPSKsymbolsP1 � P4 while
therestU � K � 4 � 48subcarriersconvey theinformationbearing
sequence.

With X denotingeachof the 48 information symbolsdrawn
from 4, 16,or, 64-QAM constellations(dependingon thetargetbit
rate),thecorrespondingfrequency domainOFDMsymbolstructure
is summarizedbelow:

� 0 ����� 0� ��� �
6

X ����� X� ��� �
5

P1X ����� X� ��� �
13

P2X ����� X� ��� �
6

0X ����� X� ��� �
6

P3X ����� X� ��� �
13

P4X ����� X� ��� �
5

0 ����� 0� ��� �
5

�
Thefirst two blocksof theburst(s

�
0� ands

�
1� ) containtraining

symbolswhichareknown to thereceiverandcanbeusedfor chan-
nel statusinformation(CSI) acquisition.Relying on theseknown
trainingsymbolsandthereceivednoisyFFT processeddatari

�
k � ,

theOFDM receiver formsaninitial channelestimateusing:�
Hi
�
1��� 1

2
� ri
�
0��� si

�
0��� ri

�
1��� si

�
1� 	 for 0 � i  N (3)

This methodis theclassicalpilot-basedestimationalgorithmusu-
ally adoptedby coherentmodulationOFDM schemes[?].

Becauseonly theentriesm � 12! 26! 40! 54 containknown (pi-
lot) symbolsin subsequentblockss

�
k � k " 2, onecantrackadaptively

the channeltransferfunction using a running average(over say
B � 10blocks)basedonly on these4 frequenciesasfollows:

�
Hi
�
k � 1��� 1

B

B � 1

∑
l # 0

ri
�
k � l ��� spil

i
�
k � l � for i $&% 12! 26! 40! 54' (4)

Actually the standardspecifiesthese4 pilot carriersfor synchro-
nization and phasetracking purposes(in a coherentmodulation
scheme)but they are too distantin frequency (spacedmore than
thechannelcoherencebandwidth)for estimatingthechannelby a
simpleinterpolationor evenfor trackingchannelvariations.

Thusonly a partialchanneltrackingcanbeachievedusing(4)
which may not yield accuratechannelestimationin rapidly vary-
ing environments.To enhancemobility in HL2, semi-blindchan-
nelestimationis well motivatedespeciallywith therelatively small
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numberof carriersthatenableevensubspaceapproachesto betried
with affordablecomplexity.

5. SUBSPACE-BASED CHANNEL ESTIMA TION

In thefollowing only theTZ precoderis considered.Thecorre-
spondingequationsfor theCPprecoderhave beenskippedfor the
sake of concisenessbut canbestraightforwardly derivedfrom [?].

Considerthe systemdepictedin figure 4 and define H̄0 the
P ( N as the lower triangular Toeplitz matrix with first column� h0 ! ����� ! hD ! 0 ! ����� ! 0	 T . The expressionof the received block sym-
bol is givenby: s̃tz � k �)� H̄0Fs

�
k ��� b̃

�
k � . Be R : � E � s̃tz � k � s̃tz � k � H 	

thereceivedblocksymbolautocorrelationmatrix. It is obviousthat
rank

�
H̄0 �*� N unlessh � 0 andthereforethenoisesubspaceof R

hasrankD. Denotingby G �+� g1 ! ����� ! gD 	 abasisof thisnoisesub-
space,it canbeshown thath canbeuniquelyidentifiedsolvingthe
linearequationssystemGHH̄0 � 0.

Finally this systemcan be rewritten as: hH , � 0 by notic-
ing thatgH

i H̄0 ��� gi
�
0�-! ����� ! gi

�
P � 1� 	/. H̄0 � h , .i where , i is the

D ( N Hankel matrixwith first column � gi
�
0�-! ����� ! gi

�
D � 	 T andwith

last row � gi
�
D �-! ����� ! gi

�
P � 1� 	 . In practiceR is only estimated

by anaveragingin time:
�
R 0 M 1r̃ r̃ � 1

M ∑M � 1
k # 0 r̃

�
k � r̃ � k � H andtherefore

GHH̃0 � 0 hasto besolvedin theleastsquaresenseleadingto the
following quadraticoptimizationcriterion:

�
h � argmin

� D

∑
i # 1

2 �, H
i h

2 2 �3� argminhH � D

∑
i # 1

�,
i

�, H
i � h (5)

The presenceof null side carriersis not specificto HL2 but
is a commonfeatureof all currentstandardizedOFDM systems
(DAB, DVB, etc.) Thesevirtual carriersentailsthat the autocor-
relationmatrix Rss hasnow a rankK insteadof N. This generates
someproblemswith thesubspacealgorithmsthatcannotbeapplied
directly andhave to bemodified.Therequiredadjustmentsarede-
tailedbelow.

The received signal r̃ tz � k � cannow be expressedas: r̃ tz � k �*�
H̄0Ftrstr

�
k � insteadof r̃ tz � k ��� H̄0Fs

�
k � whereFtr is the truncated

N ( K matrix obtainedfrom F by removing the columnscorre-
spondingto the zeroentriesof s

�
k � andwherestr

�
k � corresponds

to thenon-zerocomponentsof s
�
k � .

Thus, in that case,the channelestimationis obtainedconsid-
ering equation: GHH̄0Ftr � 0 insteadof GH H̄0 � 0. Note that
thisequationleadsto hH , Ftr � 0 by commutingthevector-matrix
productasdetailedin 5.

In [?], asemi-blindalgorithmhasbeenproposedwhichdirectly
appliesto thepresentcontext. This algorithmacceleratesthecon-
vergenceof the blind algorithm by taking benefitof the training
sequencesentat the beginning of eachburst to initialize the au-
tocorrelationmatrix estimation. However it doesnot remove the
inherentblind methodscalarindetermination.Indeedthe channel
is identifiedby minimizing (5) subjectto a properlychosencon-
straintfor avoidingthetrivial zerosolution.This leadsto achannel
estimationup to a scalarcoefficient α:

�
hsub � α

�
h and α can be

inferredfrom thepilot carriersasdescribedbelow.
Denoteby rpil

1 ! ����� ! rpil
4 thesymbolsreceivedon thepilot carri-

ers.An estimationof thechannelattenuationsat thecorresponding
frequenciesis providedby:�

Hpil �+� rpil
1 � P1 ! ����� ! rpil

4 � P4 	 T (6)

Anotherestimationof thesecoefficients canbe inferredfrom the

thesubspaceidentification(up to α):�
Hsub � Fpil

�
hsub � αFpil

�
h � α

�
H (7)

whereFpil is thematrixobtainedfrom thesizeN FFTmatrixFN by
selectingthepilot carriersrows andby removing theothers.Thus,
coupling(6) and(7), α canbedeterminedby solvingthelinearsys-
tem

�
Hsub � �

α
�
Hpil in theleastsquaresense.However if thechannel

estimation
�
hsub � α

�
h obtainedusingthesubspacealgorithmis far

from thetrueCIR h (up to α), thefinal channelestimationwill re-
main inaccurateeven if α is estimatedsuchthat

2
h � �hsub� α 2 is

minimal. Somehow no benefitis taken from from the knowledge
of the channelattenuationson the pilot carriersfor the subspace
algorithm.This canbeachievedby consideringthecompositefol-
lowing modifiedlinearsystemincludinga secondmember:4 , H

i h � 0 for 1 � i � D
Fpilh � Hpil

Sincethis equationis only approximatively verified in practice,it
hasto be solved in the leastsquaresensesimilarly to (5) which
leadsto theminimizationof thefollowing criterion:

�
h � argmin

� D � 1

∑
i # 0

2 �, H
i h

2 2 � 2
Fpilh � �Hpil 2 2 � (8)

This criterion, whosesolution is given by
�
h � �

Qpil � � 1
FpilH

�
Hpil

whereQpil � ∑D � 1
i # 0

�,
i

�, H
i � FpilHFpil , is very closeto the semi-

blind criterion alreadyproposedfor anothercontext in [?]. The
differencein our caseis that the training symbolscannotprovide
aloneachannelestimation.

As illustratedin thesimulations,theresultingsemi-blindalgo-
rithm combiningall the previous describedenhancementsoutper-
formstheclassicalpilot-basedchannelestimation.

6. SIMULA TIONS

This sectionpresentsa comparisonof the CP-OFDMandthe
TZ-OFDM-OLA schemesusingeithertheclassicalpilot-basedor
subspacechannelidentificationalgorithm.All theresultshavebeen
obtainedrunningMonte Carlo simulations,eachtrial correspond-
ing to a different realizationof the typical 5GHz wirelessindoor
channelA modelspecifiedby HL2. Note that for enablinga fair
comparisonbetweenthe variousalgorithmsan extra denoisingof
theestimationis appliedto theclassicalpilot basedmethod.This
refinementconsistsin takinginto accountin theestimationprocess
that channelin the frequency domainactuallycorrespondsin the
time domainto a FIR of length � N � 4 [?].

ThechannelestimationMeanSquareError (MSE) is only rel-
evant on the U useful carrierssinceonly thesesubbandswill be
equalizedandis definedas:MSE � 1

U ∑u 576 �H �
u � � �

H
�
u ��� 2 where8

is thesetof indicescorrespondingto theU usefulcarriers.
Moreover, in orderto betterquantifytheimpactof thechannel

estimationonthesystemoverallperformance,weusethefollowing
“effective SNR” criterion[?] definedas:

SNReff � � 10 log10 9 10� SNR : 10 � 10MSE : 10 ; (9)

Thiscriterioncanindeedbeinterpretedasthecomprehensive SNR
observedat thereceiver by theViterbi decoder. In fact,theViterbi
algorithmdecodesthetransmittedsymbolssi on thecarrieri, hav-
inganestimate

�
Hi of Hi byminimizingthemetricmi �<� ri � �

Hisi � 2 �

0-7803-6286-1/00/$10.00 (c) 2000 IEEE



� ri � Hisi � ∆
�
Hi � si � 2. Hencesincepractical OFDM systemsal-

ways implementfrequency interleaving, the perturbation∆
�
Hi � si

canbe approximatedby a white Gaussiannoise. Thereforeit can
begatheredwith theclassicalthermalnoiseinto asinglenoiseterm
which justifiesequation(9). Thusthe effective SNR jointly takes
into accountthe real noiseand the channelestimationerror and
is a reliablecriterion of the systemperformance.However, it is
important to notice that this criterion only makes sensewith the
CP-OFDMandTZ-OFDM-OLA equalizationschemesandis not
relevant for extrapolatingcodedBER in anothercontext (e.g. the
robustoriginalTZ-OFDM transceiver proposedin [?]).

Figure5 illustratestheevolutionof thechannelestimationMSE
along the burst assumedhereto contain500 OFDM symbols. It
clearlyappearsthatthechannelestimationsprovidedby theclassi-
calpilot-basedmethoddegradequickly whenthechannelis varying
whereasthe subspacealgorithmstrack approximatively its varia-
tions. Thechannelestimationturnsto bemoreaccuratefor theTZ
algorithmafter150symbols(about0.75dBat theendof theframe)
which alreadycorrespondsto very long bursts. This can be ex-
plainedby the fact that thesizeof theautocorrelationmatrix used
by theTZ subspacealgorithmis half thesizeof theoneprocessed
by theCPone.

Figure6 displaystheeffective SNRaveragedover theburstas
a function of the thermalSNR. This figure is the mostmeaning-
ful sinceit providesa morereliableideaof thesystemmeanBER
performancethanthechannelMSE.Whenusingthesubspacealgo-
rithmscomparedto theclassicalmethod,a gainof about0.5dBat
SNR=5dBand1.5dBat SNR=10dBcanbeexpected.Actually the
differencein performancebetweentheCPandtheTZ transceivers
is tiny (between0 and0.25dB)andcouldbefurtherreducedwhen
dealingwith smallerbursts.

7. CONCLUSIONS

This paperhaspresenteda simpleequalizationschemefor the
TZ precoderanda subspacechannelestimationalgorithm.A com-
parisonbetweentheTZ-OFDM-OLA andCP-OFDMtransceivers
hasbeenconductedin the HL2 context. As expectedbecauseof
theduality of the two systems,the two schemesexhibit very sim-
ilar performance.Accountingfor thenonlinearitiesintroducedby
theclipperandPAPRissues,it hasbeenillustratedthattheCPpre-
coderrequiresa smallerinput power back-off thantheTZ leading
to a largerSNRof operation.This resultsin a betterperformance
for CP-OFDMwhentransmittingsmallbursts.However, with long
burstsTZ-OFDM-OLA is tobepreferredbecauseit hasbetterchan-
nel trackingcapabilitiesthanCP-OFDM.Moreover, onemayalso
benefitby usingthemorecomplex TZ-OFDM receiver thathasthe
capabilityto retrieve theinformationsenton a carriercorrespond-
ing to achannelzerowhich is not thecasefor theCP-OFDMor the
TZ-OFDM-OLA systemconsideredherein. Note that this could
bring significantperformancegains. Finally, this paperhashigh-
lightedthatsemi-blindmethodscouldbeconsideredasa practical
solution for tracking channelvariationsand improving the pilot-
basedchannelestimationaccuracy.
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Figure5: MSEalongtheframeat SNR=10dB,v � 3m � s
0 5 10 15

0

5

10

15

Thermal SNR

E
ffe

ct
iv

e 
S

N
R

Effective SNR averaged over the frame   −   v=3m/s  −  Channel1

Perfect channel estimation                    
Classical pilot−based estimation − CP precoder
Subspace estimation − CP precoder             
Classical pilot−based estimation − TZ precoder
Subspace estimation − TZ precoder             

Figure6: Effective SNRaveragedover theframe
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