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Block-Differential Modulation Over Doubly
Selective Wireless Fading Channels
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Abstract—Differential encoding is known to simplify receiver
implementation because it by-passes channel estimation. However,
over rapidly fading wireless channels, extra transceiver modules
are necessary to enable differential transmission. Relying on a
basis expansion model for time and frequency selective (doubly
selective) channels, we derive such a generalized block-differ-
ential (BD) codec and prove that it achieves maximum Doppler
and multipath diversity gains, while affording low-complexity
maximum-likelihood decoding. We further show that existing BD
systems over frequency-selective or time-selective channels follow
as special cases of our novel system. Simulations using the widely
accepted Jakes’ model corroborate our theoretical analysis.

Index Terms—Differential encoding, diversity, Doppler, doubly
selective channels, multipath.

1. INTRODUCTION

IGH data-rate mobile links are characterized by fre-
quency selectivity due to multipath propagation, as well
as time selectivity arising from relative transmitter—receiver
motion, oscillator drifts, or phase noise. When considered
together, these two effects constitute what we term doubly
selective fading, which critically affects error performance over
rapidly fading wireless channels. Fading has been traditionally
mitigated using diversity techniques [17]. Frequency-selective
channels offer multipath diversity, whereas time-selective chan-
nels provide Doppler diversity. In doubly selective channels,
the diversity can be as high as the product of the two (multipath
times Doppler) [2], [14], [18].
‘When channel state information (CSI) is not available at the
receiver, pilot-symbol aided modulation (PSAM) has been de-
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rived for doubly selective links to obtain minimum mean-square
error (MMSE) channel estimates, while at the same time maxi-
mizing a lower bound on the ergodic capacity [16]. The PSAM
pattern of [16] leads to a two-dimensional channel estimator at
the receiver, but the rich diversity provided by the channel may
not be guaranteed.

Differential schemes can obviate channel estimation and, if
designed properly, they are capable of achieving the available
diversity at the price of signal-to-noise ratio (SNR) loss, as well
as decoding delay. The merits of differential phase-shift keying
(DPSK) have been well documented over time-invariant links
[17]. However, conventional differential detectors (DD) exhibit
error floor if the channel varies from symbol to symbol [20].
Challenged by this fact, differential designs over time-varying
(TV) links have been pursued recently. Existing approaches use
multiple-symbol detection (MSD) [6] or decision-feedback dif-
ferential detection (DF-DD) (see [20] and references therein),
but do not exploit Doppler diversity while they entail relatively
high complexity. Designs aiming at Doppler diversity date back
to [3], which relied on repetition coding. Recently, two more
encoding schemes have exploited Doppler diversity: the differ-
ential modulation diversity (DMD) technique in [19], and the
block-differential (BD) scheme in [15]. The first one combines
interleaving with DF-DD. The second scheme is based on the
basis expansion model (BEM) of [4] and comes in two flavors:
BD design I relies on time-frequency duality, and BD design II
uses DF-DD.

Differential designs have also been developed to collect other
types of diversity. Differential unitary space—time modulation
(DUSTM) can benefit from spatial diversity that becomes avail-
able with multiple antennas, but has been introduced only for
flat-fading channels [7], [8]. For frequency-selective channels,
one can certainly rely on orthogonal frequency-division mul-
tiplexing (OFDM) and differentially encode across flat-fading
subcarriers, through which maximum multipath diversity can
be effected through channel coding [1], or by a proper carrier
grouping employing DUSTM across each group [12]. How-
ever, when the channel is TV, error performance of differential
OFDM degrades. Developing differential schemes when both
time and frequency selectivity are present remains largely an
uncharted territory.

In this paper, we derive a novel BD system over doubly se-
lective channels. We model each block of symbols using the
BEM. Based on (de-) interleaving, (inverse) fast Fourier trans-
form ((I)FFT) operations along with insertion and removal of
cyclic prefix (CP) segments and a block repetition encoder, we
exploit the circularity of the channel via a repeated OFDM-
like encoding per subblock (Section III). Our receiver collects
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full multipath-Doppler diversity gain (derived in Section VI),
can afford reduced maximum-likelihood (ML) complexity (Sec-
tion IV), and provides bandwidth efficiency comparable to any
BD-OFDM system (Section V). The price paid for these nice
features is coding-gain loss, which increases with the degree of
channel variation, as we quantify in the performance analysis of
Section VI. Finally, simulations in Section VII verify our ana-
lytical claims, and Section VIII concludes the paper.

Notation: Upper (lower) bold face letters are used for ma-
trices (column vectors); ()" and (-)7 denote Hermitian and
transpose; [-] and |-] are integer ceiling and floor; [-]x; denotes
the (k,[)th entry of a matrix, and [-];, the kth entry of a vector;
I denotes the N x N identity matrix; 1 is the N x 1 all-one
vector; 0y s denotes the N x M all-zero matrix and 0 is the
N x 1 all-zero vector; ® denotes Kroneker product; diag(x) is
a diagonal matrix with x on its diagonal; det(X) is the determi-
nant of matrix X; mod[m, n] is the remainder after dividing m
by n; and F n stands for the normalized FFT matrix with entries
[Fnly, := N7Y/2 exp(—j2mkl/N).

II. SYSTEM MODEL

Let h(t; 7) be the continuous-time impulse response of a gen-
eral doubly selective fading channel which includes transmit
and receive filters, as well as channel propagation effects. The
multipath spread 7,,x bounds the delays 7 caused by multi-
path, while the Doppler spread fi,,x bounds the time variations
induced by Doppler effects. We will take the sampling period
at the receiver equal to the symbol period 7. Consider now a
block of N symbols {z,(n)} Y=}, where k := |n/N| denotes
block index. Because the channel is approximately bandlimited,
during each block of time ¢ € [kN Ty, (k+1)NT;), the channel
variation of each path (say, the [th) can be represented by (Q+1)
coefficients {h,(k; l)}qQ=0 that remain invariant per block, but
are allowed to change with k. Time variation in h(¢; 7) is cap-
tured by a finite set of Fourier bases. Under these conditions, our
baseband-sampled-equivalent channel model can be written as

Q
W ;1) =3 hg(ks D)™, 1€ [0, L] (1)
q=0

where w, = 2n(¢ — Q/2)/N, L := [Tmax/Ts| and Q :=
2] fmaxNTs]. Equation (1) is the BEM introduced for doubly
selective channels in [4]. The bounds 7,,.x and fi.x can be
experimentally measured (e.g., via sounding techniques), so, we
will henceforth adopt the following.

Assumption 1: Parameters Tyax and fmayx are bounded,
known, and satisfy 2 fiaxTmax < 1.

The reason for requiring 2 fi,axTmax < 1 Will become clear
in Section V, and is satisfied by mobile wireless channels that
are typically underspread [17, p. 816]. We can factor h*) (n; 1)
in (1) as

KO (n;1) = win(k;l) VYne[o,N—-1],1€[0,I] (2)
with w, [efwon .. ed*e”]T capturing time varia-
tion, and h(k;l) := [ho(k;l),..., ho(k;1)]" collecting the
channel’s time-invariant coefficients. We have (L + 1) vec-
tors {h(k;l)}E, of (Q + 1) coefficients each, for a total
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Fig. 1. Baseband-sampled-equivalent system model.

of (Q + 1)(L + 1) coefficients. For performance-analysis
purposes, we will further need the following.

Assumption2: The (Q+1)(L+1) BEM coefficients h,(k; 1)
are zero-mean, complex Gaussian random variables and remain
invariant over each block k£ of N symbols. A new set of BEM
coefficients is considered every N7 seconds.

Note that the row vector w in (2) does not depend on k. With
the Fourier bases available, the (L+1)(Q+ 1) BEM coefficients
hq(k;1) are thus the only unknowns characterizing the doubly
selective channel inside each (here, the kth) block of N symbol
periods.

With reference to Fig. 1, the nth sample in the kth received
block, yx(n), is the noisy output of the doubly selective channel
R*)(n;1) in (1), with input the transmitted symbol z (1)

L
Yr(n) = Z R (n; Dacg (n = 1) + 2k (n)
=0
where z(n) is additive white Gaussian noise (AWGN) with
zero mean and variance Ny /2.

Our main goal is to design 2 (n) properly, so that based on
yx(n) in (3), decoding can be accomplished without estimating
the (Q + 1)(L + 1) coefficients h,(k;[). Because we will be
working inside the kth block, for notational simplicity, we will
drop index k in our subsequent derivations.

(€)

III. BLOCK-DIFFERENTIAL (BD) DESIGN

In this section, we will introduce our BD encoder and de-
coder. The baseband-sampled-equivalent system model is de-
picted in Fig. 1. We will start from the outer to the inner en-
coders at the transmitter side, and proceed through the channel
to the inner and outer decoders at the receiver.

A. BD Encoding, Cyclic Prefixing, and (De) Interleaving

Fig. 2 depicts the structure of our differential encoder. Infor-
mation symbols {s(n)} drawn from a finite alphabet A, are
parsed into blocks s, of size M(Q + 1), indexed by p and
mapped one-to-one to an M x M diagonal generator matrix
Dy, . The latter is used to yield differentially encoded blocks
u,, according to the recursion

{

The M diagonal entries of D, are drawn from a finite al-
phabet A,. Let I be the transmission rate defined as the number
of bits transmitted per channel use. In order to support rate R,
we need to properly map information symbols to the corre-
sponding transmitted symbols. Since the diagonal of Dy has
size M, we need the cardinalities of the alphabets to satisfy

p>1
p=0.

gpup_17
1M7

u, =

“)
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Fig. 2. BD encoder in (4).

|A,|M = |A,|M(@+TD . Comparing A, with A,, we recognize

that our BD encoder increases the constellation size. Intuitively,

we expect this increase to degrade error performance.
Subsequently, we take the IFFT of u,, and repeat () 4 1 times

the resultant subblock of size M, as described through the Kro-

necker product operation (see also Fig. 1)

%, = (Fliu,) ® 1o41. )

The encoding in (5) has similarities with the one used by [10]
in the context of OFDM to reduce peak-to-average-power ratio.
In our pursuit of BD encoding for doubly selective channels,
(5) will play an instrumental role in: 1) isolating and annihi-
lating the TV part from the time-invariant coefficients of the
BEM (through the repetitive part); and 2) diagonalizing (similar
to OFDM) the resultant circulant matrix of the time-invariant
channel factor of the BEM (via Fﬁ, and CP insertion; and a
mirror CP removal and FFT operation at the receiver).

Our next step is interleaving, which is critical for enabling the
diversity gains of our BD encoder. Interleaving is implemented
by the following PM(Q+1) x PM(Q+1) permutation matrix:

Loy ®ef

O .= (6)

Ligt1) ® epy
where el is the mth row of matrix Ipys, Vm € [1, PM]. With
- . - - - T .
X, asin (5) and X := [X},...,%X5_,] , the interleaver output
is x :== 0'x.

When transmitted through the channel, each block x and its
subblocks are affected by interblock interference (IBI) caused
by the channel delay spread of order L, which can be avoided
using a CP of length L. For reasons that will become clear later,
we partition x into P(Q) + 1) subblocks, each consisting of M
symbols, and insert in every subblock a CP segment of size
L. Concatenating these CP-augmented subblocks, we create a
block x of size N = P(M + L)(Q + 1). As with OFDM,
CP insertion costs bandwidth and power, but in our case, it also
facilitates processing of the IBI-free subblocks. Insertion and
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removal of CP segments from each subblock of x can be de-
scribed, respectively, with the matrices

Mg :=1pg+1) @ Rep  (7)
where Tcp (Rep) is an (M + L) x M (respectively, M x
(M + L)) matrix implementing insertion (removal) of CP per
subblock of size M. As in [14], we define them as Tcp :=
[ISVL)7 I]7 and Rep := [Oarxz, Ins), where ISVL) denotes the
last L, columns of Iy .

With CP segments inserted, x is augmented to the NV x 1
block x := Mrx. After parallel-to-serial (P/S) conversion, X is
transmitted through the channel in (2). Let the received N x 1
block after serial-to-parallel (S/P) conversion be denoted as y.
Upon removing the CP segments at the receiver, we obtainy :=
MRy, obeying the matrix-vector input/output (I/O) relationship

Mr :=1p@+1) ® Tep,

y=Hx+z ®)

where H denotes the PM (Q+1) x PM(Q+1) block diagonal
channel matrix. Because CP insertion and removal operations
eliminate IBI, H is given by

H, 0 ... 0
0 H
H:=| . . . ©)]
0 B 0 HP(Q+1)_1

and upon defining M; := iM + (i + 1)L for brevity, the ith
M x M matrix entry H; is shown in (10).

If time-selectivity were absent, h(M; + m;[) would not de-
pend on ¢ or m, and H; would have been a square circulant
matrix. Such circulant matrices of frequency-selective channels
can clearly be diagonalized using FFT and IFFT operations, as
shown in (10) at the bottom of the page.

We next deinterleave y to obtain y := Oy, and rewrite the
I/O relationship (8) as

y=Hx+2 (1)
with F := OHO"". Since ©'0 = I 5/(g41), Z is still AWGN
with the same variance. Notice that H in (11) is also a block-
diagonal matrix

H 0 ... 0
H:= 9 H, (12)
0 ... 0 Hp_;

where, in accordance with H;, its pth M(Q + 1) x M(Q + 1)
submatrix in (13) exhibits circularity in /; and upon defining

h(M; +1;1)  h(M; +1;0) 0 h(M; +1; L) :
H, = 5 ' E (10)
h(M; + L; L) h(M; + L;0) ce 0
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Fig. 3. Structure of matrices H and Hin (9) and (12), respectively.

Myg = (p+a(@+1)M + (p + ¢(Q + 1) + 1)L, each
(Q +1) x (Q + 1) matrix H,, ,,,(I) in (13) can be written as
shown in (13) at the bottom of the page

H, . (1) := diag (h(My0 + m; 1), h(Mp1 +m;l),. ..,

h(My.q +m;l))  (14)

Vp € [0,P —1],q € [0,Q], and | € [0, L]. Fig. 3 depicts the

structure of H and H. Coming back to (11), and partitioning y

into P subblocks of size M (Q) + 1) each, we can express the

matrix-vector I/O relationship on a per-subblock basis as

Vv, =H,%, +7, p€cl0o,P—1] (15)

where [y, ]k := [Y]par(Q+1)+x VR € [1, M(Q + 1)], and X, is
given in (5).

B. Subblock Invariant and Diagonal 1/O Relationship

Recall that the subblocks %), in (15) contain () + 1 repetitions
of the IFFT-processed subblocks u,, [c.f. (5)], which are differ-
entially encoded through the diagonal generator matrix D, [c.f.
(4)]. Exploiting this structure of X,,, our objective in this subsec-
tion is to show that (15) can be reduced to an I/O relationship,
where pr is replaced by a channel matrix that is diagonal and
not a function of p. This diagonal and time-invariant (with re-
spect to (w.r.t.) p) I/O relationship will allow us to differentially
decode u,, from the received subblocks y,,. To this end, our first
task is to isolate the invariant part of I:IP, a step we summarize
next (see Appendix A for the proof).

Proposition 1: If the input X, in (15) has the repetitive
structure (5), then (15) reduces to the /Oy, = (Q + 1)~!
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W,H, %, + Z,, where H, has been factored in two square
matrices: one captures the TV Fourier bases

W,.0 0 0
0 W, 1
: (16)
0 0 W,
and the other factor remains invariant across the subblocks
ho

[ H.(0) 0
H

H.(0) |
A7)
where each (Q + 1) x (Q + 1) submatrix W, ,,, in (16) is
Wy = [War, o4ms -+ Wz, o+m) " » and each (Q + 1) x
(Q + 1) submatrix in (17) is H.(I) :== 15, @ h(l). O
We stress that the factorization H,, = (Q+1)~'W,H, holds
only when %, has the repetitive structure X, = (Fiu,) ®
1g41. Furthermore, notice that H. does not depend on the sub-
block index p and contains all the unknown coefficients, whereas
W, contains all the known p-dependent complex exponentials
which capture the channel’s time variation in the BEM [c.f. (2)].
Following Proposition 1, we can rewrite (15) as

p = (Q+1)7'W,H, [(Flju,) @ Lo11] + 2.

Premultiplying y,, by WZ;‘ , we can annihilate the channel’s vari-
ability, because W;*Wp = (Q+1)Ir1(g+1). which also retains
the noise whiteness.

Having removed time-variability (and thus, dependence
on the subblock index p), we can now proceed with our
second step of diagonalizing the I/O. Toward this objective,
let us define Fy, := To+1 @ f1,...,Ig+1 @ fir], where
f,, is the mth column of the M-point FFT matrix F ;. With
v, = Fyy Wiy, (18) yields

o . o mw

(18)

Vp = FyH, [(Fﬁup) ® 1Q+1] + Zp (19)

where z, remains white, since F M 18 also unitary.
Because H. in (17) has (column-) block-circulant structure,
we show in Appendix B that it can be block-diagonalized using

[ H,0(0) 0(Q+1)x(Q+1) H, (L) H,o(1) ]
H, (1) H,1(0) 0@+1)x(@+1) Hpi(L) :
H, = | _ ° o ) ' : (13)
H, (L) Hy,r(L-1) H, (0) 0(Q+1)x(Q+1)
LO(Q+1)x(Q+1) 0Q+1)x(@+1) Hpar—1(L) H, 1-1(0) |
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u, Xp| - Yp | o Vp
2 (Flup) @14 — Hp rd— B W >
Mx1 M(Q+1)x1 T M(Q+1)x1
Zp
Dy,

L

Up ~ Vp
— Dy
Mx1 M@Q+1)x1

Zp
Fig. 4. System block diagram per subblock p of size M (Q + 1).

(DFFT operations at the (transmitter) receiver. This fact allows
one to rewrite (19) as (see also Fig. 4)

vy = f)hup + 2z, (20)

where upon defining hy := [hg(0), ..., he(L)]T, the (block)

diagonal Dy, is given by

h=(Q+1) [dlag(VMho) ..... dlag(VMhQ)]T

with V; denoting the matrix formed by the first L 4 1 columns
of F M.

1)

C. BD Recursion

According to (20), the BD-encoded block u,, that is encoded
as X, ““sees” a block-diagonalized channel obtained in a process
analogous to performing OFDM across () + 1 multipath chan-
nels, each with 1. 4+ 1 coefficients Bq. Inserting (4) into (20), we
obtain

vp = DhDgpup,l + 2. (22)
Matrix Dy, has the two nice properties we were looking for: it
is (block) diagonal; and it remains invariant across all P sub-
blocks. The first property allows the interchange ]~DhDgp =
D¢, Dy, where D¢, == Ig41 ® D, , which leads to

v, = D¢, Dpu,_1 + 2, (23)

The second property permits substitution of the known (previ-
ously received) subblock v,_1 = Dju,_q1 + z,_; into (23),
through which we arrive at

vp = Dg, [Vp—1 — Zp_1] + 2. (24)

Equation (24) yields the I/O relationship we were seeking

vy, =Dg, vy 1+ z; (25)

where z;) =2z, — Dg,2p_1 is AWGN with correlation matrix
2NoInr(@+1), since D¢, is also unitary. This increase (by a
factor of 2) in the noise variance confirms the SNR loss inherent
to any differential detection [7].

IV. ML DETECTION

The ML-optimal detector for decoding D¢, from v, in (25)
is given by

]ij = arg mln (26)

2
DoeaM(@sn vy = Davp—1l|

2161

Kx1
:{)' D(.) In:’>
up(1) Yo
: MUX|—>
Mx1
= Dok
ug(Ng)
o(n), S/P .
Kx1 Kx1
=
: up-( )MUXt:>
Mx1
r:>| D(.) ||:>
up_1(Ng)
Fig. 5. BD encoder in (27).
where || - || denotes the Frobenius norm. Carrying out (26)

incurs computational cost which increases exponentially with
M(Q + 1). To reduce this complexity, we will adopt the
grouping method of [12]. To this end, we further partition each
u,, block of size M into N, groups, each of size K. The overall
transmitted subblock u,,(g) is (see also Fig. 5)

_ [ Dy, (9)up-1(9), p2>1
uy(g) = {1“1, = 27)
with u,(g) a K x 1 vector, and D, (g) a K x K matrix that
maps the information symbols s, (g ) These subgroups can be
indexed using IV, nonintersecting index subsets of size K, that
we denote as {I};\;"l,Ig ={mg1,...,mg i },and [u,(g)lx =
[up]mg ko
Following steps similar to those used to derive (20), the I/O
relationship for the gth group of the pth subblock can now be
written as v,(g) = Dh( Ju,(g) + 2z(g), where Dy (g) is the
grouped counterpart of Dy, in (21), and is defined as

~ . = 1T
Dy (g) :=(Q + 1)[diag(Vk(9)ho) , ..., diag(Vk(9)ho)]

(28)
where Vi (g) is a K x (L + 1) Vandermonde matrix with
(k,Dthentry [V (g)]k1 = exp[—j2mmg i (I —1)/M]. We can
now perform the differential recursion in (25) on a per-subgroup
basis

vp(9) = Da, (9)vp-1(9) +2'(9) (29)
and the reduced-complexity ML detector as
. B . ) )
De,(9) = LI, S 1V4(9) = Dvp-1(9)l” - (30)

Without sacrificing ML optimality, we can further simplify (30),
if we recall that our BD scheme entails N, groups of size K
carrying mutually independent symbols repeated ) + 1 times
[c.f. (4), (5), and (27)]. After dropping index g for brevity, we
can rewrite (30) as

A~

2
{1Vl + 1(Tg 1 @ Dy) vy

Dy, =arg | min
—2Re {v IQ+1 ®Dy) vp}}
K
= arg max Z { kk Z vy (k Q)*}

DgeAf(QJrl)

€19
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where v,()k’q) = [Vplhtqr Yk € [1, K] and ¢ € [1,Q + 1].

V. BANDWIDTH EFFICIENCY

In this section, we will specify P and M to optimize spectral
efficiency. In our BD encoder (4), one subblock of size M (Q) +
1) is used for initialization. The bandwidth efficiency, defined as
the ratio of information-bearing symbols over the total number
of transmitted symbols, is thus

_(P=DM(@+1)
- N
where N = PM(Q + 1) + PL(Q + 1) and PL(Q + 1) is the
number of redundant symbols, because we insert CP segments
of length L every P(Q + 1) symbols. Since M = N/(P(Q +
1)) — L, we can rewrite (32) as

_Le+yr 1
N P N

For fixed parameters IV, Tiax, fmax, and T, corresponding to
given channel parameters L and @), we find that the maximum
of n w.r.t. P occurs at

a1 LQ+1)

oP P2 N
and the optimum P and M that maximize (9?1/0*P < 0) the

efficiency are
N NL
&m:{'zﬁffﬁy AQNZ{VQIT—LJ~G$

Substituting (35) into (32), we obtain

%pt:<1_ M)

N
Since L & Tiax/Ts and Q = 2f,axTs N, we deduce that the
maximum bandwidth efficiency and the optimum block size P
achieving it are

1
oot 2 (1 — /2 fmaxTmax 2, and P~ ——.
77 pt ( f ) \Y 2fmax7-lnax

Guaranteeing 2 fiaxTmax < 11n (37) explains why we confined
application to underspread channels in Assumption 1.

Clearly, the efficiency decreases, together with L (or Tpax),
because longer CP segments are inserted; and also with @ (or
fmax), because we fixed N = P(M + L)(Q + 1) in the opti-
mization of 7. If no multipath is present, then L = 0, and the
efficiency loss is only due to the initial training block, which is
negligible if we choose a sufficiently large F;¢. In any case, our
system has the same efficiency as any BD-OFDM scheme with
the same L, when the number of subcarriers is equal to M [12].

(32)

1 L(Q-i—l)‘

n=1 (33)

— - =0 (34)

(36)

(37)

VI. DIVERSITY AND CODING-GAIN ANALYSES

In this section, we will derive the diversity order and coding
gain of our BD design in the high-SNR regime. The pairwise
error probability (PEP) defines the probability that the ML
detector incorrectly decodes an information block D¢, (g) as
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D’GP (g9). As usual, this PEP can be upper-bounded using the
Chernoff bound [21]

Pr[Dg(g9) — Dg(9)]yp-1(9)]
d*> (Dg(9),Dg(9)) Es
8N0

with @*(D¢(g), Di(9)) := E7H[[Da(9) D (9)]yp-1(9) I
and E; denoting symbol energy. At high SNR, we can ignore the
noise term in (29); so y,—1(9) = D¢, (9)Dx(9)u,—1(g), and
the PEP becomes

Pr[Dg(g) = Dg(9)lyp-1(9)]

||IP6t9) - D ()] Duto)uya o)
SN,

<exp|— (38)

2

< exp (39

Based on (28), we can rewrite Dy (9)u,_1(g9) = D, (9)Ig+1®
Vi(g))h, where D,(g) diag(u,(g)) and h
bl ... ,hg]T. Dropping indexes p and ¢ for simplicity,
the Euclidean distance d*>(D¢, D{;) becomes

d* (Dg,Dg;)
= B;'[|[Dg — DG D.(Ig+1 © Vioh|’
= E8_15H (IQ+1 ® Vﬁ) DZ;(D%:Du(IQ-f-l ® VK)}_I
= 0" (Ig41 @ V) D& (Ig41 @ Vie)h (40)

where D% := [Dg — D, |"[Dg — D], and we have used
the fact that DZ}D“ = EsIpr(@+1) (notice that the entries of u
have constant modulus).

The channel vector h has correlation matrix Ry, = E{hh"'},
with rank 7, := rank(Ry,). If Ry, is full rank, then 7, = (Q +
1)(L + 1). Furthermore, we can decompose R, = U, %, UM
where ¥;, := diag([Mo,...,Ar,—1]) is an 7, x rp diagonal
matrix with the nonzero eigenvalues on the diagonal, and Uy,
isa (Q + 1)(L + 1) x r, unitary matrix. Upon defining the
7, X 1 prewhitened channel vector h:= 2;1/ 2sz h, we have
d*(Dg, D)) = h™ A h, where

1 1
A, = UM (Ig41 @ VE) DE(Ig41 © Vk)ULEE. (41)
At high SNR, the average PEP can thus be expressed as

E

—Ge.a
Pr[D¢g — Dg < <Gm> (42)

where G q = ra, and G.. (H:iﬂo_l )\T)(l/mﬂ) are
the diversity and coding gains, respectively. To achieve
the maximum diversity gain Ggmax, We need matrix
(Ig+1 ® VIODZ(Ig+1 ® Vi) to have full rank. But notice
that (Ig+1 ® VE)DE(Ig+1 ® Vi) = Ig41 @ (VED V).
And because

rank [Ig41 ® (VED2Vg)] = (Q + 1)rank [VED2V]
(43)
we need VIED?V i to have rank (L + 1) VD, # D/, which
is achieved if K > L + 1. So, with the (Q + 1) repetitions,
IFFT/FFT, removal of the BEM’s time variation at the receiver,



CANO et al.: BLOCK-DIFFERENTIAL MODULATION OVER DOUBLY SELECTIVE WIRELESS FADING CHANNELS

as well as the permutation matrices at both the transmitter/re-
ceiver sides, we have been able to achieve the maximum diver-
sity of order (@ + 1)(L + 1) provided by the doubly selective
fading channel.

Now let us turn our attention to the coding gain. The coding
gain G, is defined as G. := minyp ,#D, Ge,, where G, is
given by (42). If R}, has full rank, we 0bta1n [c.f. (41)]

G. [det (A )]

mln
vD,#D/,

[det(Ry)] ™ "
[det (Tosr © (VEDIV))] %

X min

IS . (44)

Thus, we just need to find § := minvp, #p/ det(Ig4+1 ®
(V%DSVK)), which, based on the property det(Anrxn ®
Byxy) = (det(A))N(det(B))M, can be written as
§ = minyp,xp, det(VED2ZV )9, Because we know
that det(VED2Vg) = det(VI{Vg)det(D?), maximizing
this expression requires maximizing both det(VEV )
and det(Dg) at the same time. The former expression is
maximized by choosing Z, {9;Ny + g,...,LN, + g}
(similar results can be found in [12]). The latter can be
maximized after we use the fact that for a diagonal matrix
D, it holds that det(D) = [\, di;, with di; the ith di-
agonal element of D. Then, det(Dg) = Anmin,u,, Where
Amina, = [l |[Dglii — [D)];l? is the product dis-
tance of vectors from the diagonal of D, and Dj. Because
|A,| = |A4|9TL, the product distance Anmin, 4, decreases with
Q@ + 1, and so does the coding gain. Thereforé, we deduce that
the more pronounced time variability the channel provides, the
higher order constellations we need to build, and thus, more
SNR-shifted will be the BER curves.

VII. NUMERICAL RESULTS

To test our scheme, we generate TV channels using Jakes’
model [9] with parameters (f., Ts, fmax, D), Where D denotes
the number of Doppler rays (here D = 300). The BEM ap-
proximates well Jakes’ model in the least-squares (LS) sense
when Q/NTs > fimax, and the LS fit has been validated in
[14] and [11]. Since Tmax and fiax are unknown, we work
with their bounds and design our algorithm for the maximum
allowed values of L and ). Knowing these (L, Q) values, be-
cause N = P(M + L)(Q + 1), we take K = M /(L + 1) and
select the subgroup size as K(Q + 1).

With rate R = 1, the alphabet of our BD encoder has size
|A,| = 29%1, and thus D, (g) is chosen from a PSK constella-
tion of size 2@+, This testifies to the fact that our constellation
size increases when time-selectivity is present (Q # 0).

Four different channels will be considered depending on the
time-frequency variability.

ChO: (Time-frequency flat) With (L,Q) = (0,0), the
block-transmission  parameters are chosen as
(N,P,M,K) = (1260,1260,1,1). The bandwidth
efficiency here isn = (P — 1)/P = 0.999.
(Time-flat frequency-selective) To test the validity of
our model in multipath, we generate a two-path channel

L = 1) with coefficients h := [hg, h1]T chosen
(

Chl:
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Average BER

1 L 1 1 1 L
0 0 5 10 15 20 25 30
SNR

Fig. 6. Performance results for (L, Q) = (0,0), (1,0), (0,2), (1,2).

as zero-mean complex Gaussian with variances o} =
o2 = 0.5. With (L, Q) = (1,0), the chosen parameters
are (N, P, M, K) = (1260, 180, 6, 3), and result in ef-
ficiency n = (P — 1)M)/(P(M + L)) = 0.852.

(Time-selective  frequency-flat) Here, we gen-
erate Jakes’ model with (f.,T%s, finax, D) =
(3.5GHz, 1 us,810.2Hz, 300), corresponding to a
maximum mobile velocity of v = 250 km/h. For

Ch2:

(L,Q) = (0,2), maximum bandwidth efficiency
suggests M = 1, and for this reason, we select
(N,P,M,K) = (1260,420,1,1). The resultant effi-

ciency isn = (P — 1)/P = 0.998.

(doubly selective) Here, we simulate a channel
with two (L = 1) paths, each generated by Jakes’
model using the same parameters as Ch2 (Q = 2).
We generate the channel taps as in Chl, and se-
lect (N,P,M,K) = (1260,60,6,3), which yields
n=((P—-1)M)/(P(M+ L)) =0.843.

In all simulations, SNR is defined as
= B{|Hx|2}/E{|2]]?}.

1) Diversity Order: Using Ch0-Ch3, we will test our
claims in Section VI about the diversity and coding gains
provided by doubly selective channels, fully achieved by our
differential design. By inspecting the slope of the bit-error
rate (BER) curves in Fig. 6, we verify that the diversity order
increases as L and/or () increases. The repetition encoding
employed when ( > 0 causes a parallel shift of the BER
curves. Test case 3) will further quantify this shift. Note that
for diversity orders above four, the BER improvement does not
show up to SNRs of 25 dB or above, which suggests trading off
diversity for reduced complexity by selecting small size blocks
(over which Q < 4).

2) Comparison With [12]: In this simulation, we compare
our differential modulation with the BD-OFDM scheme in [12].
This scheme enables maximum multipath diversity by dividing
the OFDM subcarriers into subsets, giving rise to independent
subchannels (this is related to our subgrouping scheme in Sec-
tion IV). We will show that when dealing with time-invariant
frequency-selective channels, our proposed design is, in fact, a

Ch3:

SNR
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Fig. 7. Performance comparison with [12].

BD-OFDM scheme. Furthermore, if we allow arbitrary varia-
tion of the channel coefficients over time, BD-OFDM degrades;
while our design not only shows resilience to time variations,
but also takes full advantage of the Doppler and multipath di-
versity at the price of coding-gain loss. We will consider two
cases.

Standard BD-OFDM over frequency-selective channels:
Using Chl with (L,Q) = (1,0), W, and © are identity
matrices; matrix F; becomes Fj/; and matrix D n(g) in (29)
simplifies to Dy (g) = diag(Vx(g)h), which coincides with
the diagonal matrix employed by the BD-OFDM design of [12]
for six subcarriers. Results are depicted in Fig. 7.

BD-OFDM over TV channels: Using the doubly selective
Ch3, we compare also in Fig. 7 the performance of our design
against the BD-OFDM design in [12] with the same number
of subcarriers. Time-variability critically affects performance
of OFDM-based transmissions. Our design, on the other hand,
exploits the diversity provided by this doubly selective channel.
The coding loss we experience, due to the repetition encoding,
is clearly negligible, compared with the resilience we gain
against time-variability.

3) Comparisons With [19] and [15]: Here, we compare
our scheme with existing differential designs for two TV chan-
nels: first with a time-selective but frequency-flat channel, and
second with a two-tap intersymbol interference (ISI)-inducing
doubly selective channel. The latter will result in severe perfor-
mance degradation of [15] and [19], which were designed for
non-ISI environments. When implementing [19], we choose
Np = 1,2,3 and NgN; = N for the rectangular interleaver,
and NPF = 5 feedback coefficients adaptively estimated using
the recursive LS (RLS) algorithm, as in [19]. For the BD-II
design in [15], we select the block size PBP~II also equal to
our parameter V.

Standard time-selective transmission: With the Jakes’ model,
as in Ch2, the average BER curves are shown in Fig. 8. Since
both methods collect diversity at high SNR, the BER curves are
parallel. For BER = 1073 and ) = 2, our design is about 3 dB
worse than [15], due to the loss in coding gain.
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Fig. 8. Performance comparison with [15] over time-selective frequency-flat
channels.
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Fig. 9. Performance comparison with [15] over doubly selective channels.
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Fig. 10. Performance comparison with [19] over doubly selective channels.

Time-selective channel with ISI: With the doubly selective
channel Ch3, Figs. 9 and 10 confirm that the performance of
[19] and [15] severely degrades.
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VIII. CONCLUDING REMARKS

We derived a BD scheme to by-pass estimation of gen-
eral time- and frequency-selective channels. Our encoding
(decoding) design includes four different stages at the trans-
mitter (receiver): 1) Information (de)mapping and differential
recursion; 2) (de)coding for channel diagonalization; 3) (de)in-
terleaving for enabling diversity gains; and 4) CP insertion
(removal) and P/S (S/P) transmission for block processing.
We also derived a reduced-complexity ML detector in two
stages: 1) using subgrouping; and 2) by taking advantage of
the repeated information at the receiver to reduce complexity.
Performance analysis and simulations confirmed that our BD
design enables maximum multipath-Doppler diversity, with
bandwidth efficiency (i.e., transmission rate) comparable to
any BD-OFDM system at the expense of reduced coding gain,
which is affordable for TV channels. Simulations have also
corroborated that the novel design is particularly suitable for
frequency-selective channels that undergo even slow (Q < 4)
time variation per tap, and time-selective channels suffering
from ISI. In both cases, our design outperforms differential
OFDM derived for frequency-selective channels, and differen-
tial designs tailored for time-selective channels at medium-high
SNR.

The next research steps will target doubly selective multiple-
antenna links, as well as the much-needed (but so far unknown)
capacity, or even achievable rates, to benchmark information
rates over time-frequency wireless channels.

APPENDIX

A. Proof of Proposition 1

Consider the fat (row) block-diagonal M (Q+1)x M (Q+1)?
matrix

W,o 0 ... 0
- 0 W,
W, = . (45)
0 e 0 Wy

where using index M, ; := (p + ¢(Q + 1))M + (p + q¢(Q +
1)+ 1)L Vp € [0,P — 1] and ¢ € [0,Q], the W, entries are
(Q+1) x (Q + 1)? matrices W, ,,, given by

T T T
Wi, o4+m 041 00+1
T T
W o 0541 W, +m
pm ‘= )
T T T
00+1 0041 W1, gtm

(46)
Define also the tall (column) block-circulant M(Q + 1)? x
M(Q + 1) matrix

[ H.(0) 0 H.(L) H.(1)]
H.(1) H.(0) 0 H.(L) :
) e o .
0 0 H.(L) ﬁc:(o)_
47

2165

where H,(I) is a (Q +1)? x (Q + 1) matrix with h({) repeated
(Q + 1) times; i.e., H.(I) := Ig41 @ h(l).

Recalling (2) and using (45) and (47), we can separate the
complex exponentials from the time-invariant coefficients and
express the channel matrix H,, as

H,=W,H.. (48)
Notice that if the channel is time-invariant (Q = 0), then W,
is an M x M identity matrix, and H, is a standard circulant
matrix that can be diagonalized and differentially encoded using
OFDM [12]. On the other hand, if the channel is frequency-flat
(L = 0), H, is diagonal, and BD encoding can be performed
as in [15].

We will show that when the input x;, has the repetitive struc-
ture X, = (F}%u,) ® 11, the channel matrix H, can afford
a factorization similar to (48), but with both factors, call them
now W, and H,, being square matrices (as opposed to (43),
where W, is fat and H.. is tall). Toward this objective, we can
easily verify by direct substitution the following lemmas.

Lemma 1: f @ := oo @ 1lg41, then H.(ll)a =
(Q+1)(1g+1 ® He(l))a, where H.(1) := 15_1_1 ® h(l).

Lemma 2: IfII := 1¢4q ® II, then W, ., ]I = (15_1_1 ®
W, m)IL, where W, o, i= [Waz, g 4m, - - - ,WMP_Q_H,L]T.

Because of the repeated structure of X,, Lemmas I and 2
imply that 1Q+1 ® Hc(l) = (1Q+1 ® IQ+1)Hc(l> and 15-{—1 ®
W]{),m =W, m(15,,®Ig41). Furthermore,lusing the identity
(1941 ®Ig4+1)(1g+1 ® Ig41) = (@ + 1)7 L1, we obtain

W, nH (1) = (Q +1)7'W,, , H(I). (49)
l%ased on (49), we can restructure the submatrices VNVp,m and
H.(I) in (45) and (47) into two (Q + 1) X (Q + 1) square
submatrices, and thus obtain two M (Q +1) x M(Q +1) square
factors W, and H,,, allowing us to write (48) as

W,H. = (Q+1) 'W,H.. (50)
Substituting the latter into (15) completes the proof of Proposi-
tion 1.

B. Derivation of (20)
We can readily simplify the right-hand side of (19) as

H. [(F}iu,) ® 1g41] = (Q+ 1)T'H.Fu, (51

where the M(Q + 1) x M matrix H. is (column-
wise) vector-circulant with the first column generated as
[W7(0),...,h"(L),04,,...,04,,]". Such a matrix can
be converted into a set of () + 1 circulant M x M matrices
C, (with the first column [hg(0), ..., he(L),0,...,0]T) after
multiplying by a proper permutation matrix I' to obtain

Co

F]\'[I:ICF%-& =Fy,T
Cq

FY (52)
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where I' := [Ig41 ® ey, ..., Igy1 ® en]”, with ey, being the

mth row of I;. Since FyI' = Ip41 ® Fyy, we arrive at

Co Fy CoFY
(Ig+1 ® Far) F} = : (53)
Co F, CoFl

Each M x M matrix Cg in (53) is circulant and can be diago-
nalized after applying the well-known property of circulant ma-
trices [5, p. 202]: C, = F¥ diag(Vh,)Fas, where V/ is an
M x (L 4 1) matrix containing the first L + 1 columns of F
and h, := [hy(0),..., hy(L)]T. Substituting C, into (53), we
obtain

?

Dy, := [diag(Varho), ..., diag(Vaho)] . (54)
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