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Abstract—1In this letter, we study the achievable rates of prac-
tical ultra-wideband (UWB) systems using pulse position modula-
tion (PPM) and transmitted-reference (TR) transceivers. TR ob-
viates the need for complex channel estimation, which is particu-
larly challenging in the context of UWB communications. Based on
an upper bound we derive for the error probability with random
coding, we establish that for signal-to-noise ratio values of prac-
tical interest, PPM-UWB with TR can achieve rates on the order
of C (<) = P/Ny (nats/s), where C'(~) denotes the capacity of an
additive white Gaussian noise channel in the UWB regime for av-
erage received power P and noise power spectrum density No.

Index Terms—Achievable rates, transmitted-reference (TR),
ultra-wideband (UWB).

1. INTRODUCTION

DEAL for providing short-range high-rate wireless con-
I nectivity in a personal area network (PAN), ultra-wideband
(UWB) technology [a.k.a. impulse radio (IR)] relies on
ultra-narrow pulses (at nanosecond scale) to convey informa-
tion, and has received a lot of attention recently. However, there
are still major design challenges to overcome. For instance,
timing synchronization with pulse-level accuracy is difficult,
due to the fact that the transmitted pulse duration is very small.
Meanwhile, the channel typically consists of hundreds of mul-
tipath returns, which renders channel estimation prohibitively
costly. For this reason, the RAKE receiver, which is typically
adopted to collect the multipath energy, is not as efficient in the
context of UWB.

To overcome these difficulties, transmitted-reference (TR)
transceivers relying on noncoherent detection have received
revived interest for UWB systems (see [4] and [11]). TR entails
two pulses per symbol period; the first one is unmodulated,
while the second one is information-bearing and delayed,
relative to the first, by an amount exceeding the channel’s delay
spread. This way, the first pulse can serve as a template at the
receiver side to demodulate the message carried by the second
one. As a result, TR bypasses the costly channel estimation
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required by RAKE reception. Motivated by the work of Souilmi
and Knopp [12], where achievable rates of UWB pulse position
modulation (PPM) are studied using energy detection at the
receiver, we will investigate here the achievable rates of UWB
radios using PPM and TR transceivers. Related works on UWB
capacity analysis with PPM include [7], [16], and [17]. Specif-
ically, the effect of timing-estimation errors on achievable rates
with a correlator receiver was considered in [7]. Unlike [7], TR
receivers are relatively robust to timing errors, because they do
not rely on a local template to correlate the received waveform.

The rest of this paper is organized as follows. Section II de-
scribes the system, while Section III deals with the derivation
of pertinent detection-error probabilities and the calculation of
achievable rates. In Section IV, numerical results of the achiev-
able rates are provided and compared against the additive white
Gaussian noise (AWGN) channel capacity. Finally, conclusions
are drawn in Section V.

II. MODELING

The multipath fading channel is modeled as

L
h(t,7) =
1

|
—

ar(t)o(r — () M

I
=]

where L is the number of paths, a;(t) is the gain of path [ at time
t, and 7;(t) is the corresponding delay. The model in (1) does
not account for pulse distortions that may arise when the trans-
mission bandwidth is extremely wide [10]. But for TR receivers,
this does not entail loss of generality, because such distortions
are basically identical to both reference and information-bearing
pulses, and thus, do not affect detection performance. Each path
gain a; is assumed to be zero-mean, and different path gains are
assumed to be uncorrelated, but not necessarily independent;
ie., Elmar] = 0, for I # k. Without loss of generality, we
assume 1o = 0 < 73 < --- < 71,1 with 77,_; denoting the
channel delay spread. In this letter, we are interested in chan-
nels with coherence period 7., which is much larger than 77,1,
ie., T. > 7r_1. In practice, the coherence period of a typical
UWRB indoor channel is about 20 ms [5], and the delay spread is
about 20 ns [6], which clearly satisfies the previous condition.
We consider a block fading channel, meaning that {a;(¢), 7 (¢)}
remain constant over each 7.-period, but change independently
across coherence periods.

In the UWB regime, extremely large bandwidth (> 1 GHz)
enables the receiver to resolve a large number of paths. If the
channel has a high diversity order (the case in dense multipath
fading environments), the aggregate channel gain ZILZ_Ol aZ(t)
varies slowly compared with a;(¢) and 7;(¢). We can thus as-
sume for all practical purposes that the total channel gain is con-
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Fig. 1. PPM with transmitted reference.

stant and, without loss of generality, can be normalized to 1;i.e.,
L ha2(t) = 1 (see also [12]).

A. Transmitter Structure

Flash-signaling is known to enjoy first-order optimality in
the sense of achieving capacity in the wideband regime, even
when the receiver does not have channel knowledge [15]. As
a practical means of implementing flash-signaling, we adopt
here baseband m-ary PPM for transmitting information bits.
In particular, the transmitted waveform per channel use is k €
[0,m —1],t € [0,T5s]

x(t; k) = / PTs [ap
where P is the transmission power, p(t) is the normalized mono-
cycle! with duration T}, =~ 1/W with W denoting the UWB
bandwidth, A denotes the modulation index, and «, 3 are pos-
itive scalars satisfying a® + 3% = 1, which will be optimized
later. Delay 7§ is selected so that T > 77_1 + 1}, and the
symbol period T is chosen such that Ty = 2T, + (m — 1)A <
T, which avoids intersymbol interference (ISI). See also Fig. 1
for reference.

In order to transmit M messages, we generate a random
codebook C = {Cj,...,Chr}, where each codeword C,, is
a length-N sequence C, = [Cy1,.-.,Cy n], With Cy
specifying the transmitted waveform during the nth channel
use when message w is sent. The entries of each codeword
{Cwn}tn=1,.  Nuw=1,. . m are independently generated ac-

(t)+p(t —Ta = kA)] (2

cording to the uniform distribution over [0,m — 1]. The
aggregate transmitted waveform for message w is, thus,
w e [l,...,M],t € [0, NTs]

N
uu;(t) = Z .’E(t - (n - l)Tﬁa C’m,n)- (3)
n=1

B. Receiver Structure

Assuming that message w = 1 has been sent, after propa-
gation through the channel in (1), the received signal is then
r(t) = h(t) xu1(t) + z(t), where “x” stands for linear convolu-
tion, and z(t) denotes AWGN with double-sided power spec-
trum density No/2. When the system has bandwidth W, the
temporal resolution is approximately 1/W =~ T,. Upon se-
lecting I to be an integer multiple of 1}, say 1Tq = K41}, we

I'We suppose here that the monocycle p(t) already incorporates antenna dif-
ferentiation effects.
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can equivalently express the channel in (1) per coherence period
as

Kq—1

Z aq6(T — qT})

q=0

h(r) = @)

where a, := Zle_ol als eqT,,(¢+1)T,) 1S the equivalent path
gain, and 1{.} denotes the indicator function. With the channel
as in (4), we obtain for ¢ € [0, T}]

r(t+ (n—1)Ts) =x(t; Cl,n) * h(t) + z(t + (n — 1)T5)
K1

_ /P ¥
q=0
+z(t+ (n — 1)T5)
Kg—1

+ VPTG Yy ag
q=0

p(t - Td - C(l,nA -

p(t — qu)

q1p)
where {a }I‘d ! are the equivalent path gains during nth
channel use. W1th0ut loss of generality and for clanty in expo-
sition,2 we can assume that {a(n)}K“ ! and {aq }I‘d ! are
independent for n # wv.

Letting Ts = K T, and A = KAT,
received signal onto the set of bases {p(¢

, We can project the
zT 1)}t to obtain

Tni ::/p(t —iT,)r(t+ (n—1)T,)dt, i=0,1,...,K,— 1.
(%)
~(n)

'7a'Kd—1

Upon defining a™ = [a{",.. ¥ and 7, =

[Tr.0s -« s Tn . —1)", we find

T

A
o\/PTﬁ T 0,...,0| +zn

(6)

Ci,n K

PT ~(n)T

T™h =

where z, = [2n,0y-..s2n,Kk.—1)7 With 2, J ot -
iT,)z(t + (n — 1)T)dt is found to be a zero-mean Gaussian
vector with covariance matrix (No/2)I. In order to detect the
transmitted message, the receiver formulates the following
decision statistic per message w:

(1 Kd)T'rn

(Kd + Cw,nKA : 2Kd + Cw,nKA) (7)

2Assuming T, = KT, with K > 1, we can divide the time axis to K groups
of time slots { { [T, (k+1)T.]} ¢ - -l—nT 1,k € [0, K —1]. Within each group,
i.e., for a fixed k, channels are independent from slot to slot.
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where we have used the notation (! :
u(q)]¥. When w = 1, we find

q) to denote [u(l),. ..,

dl,n :’I‘n(l : Kd)T’I‘n(Kd =+ Ol,nKA 2K+ Ol,nKA)

Ki—1
= Z [\/PTsad((I”) + zn (g + 1)}
q=0

x [VPLB&Y + za(Ka+ CraKa +q+1)] . ®)

As N grows large, d(1) converges to E[d1,] =
E[ZK“L ! PTsaﬂ&,(In)z] = PTsaf, where we have used the
assumption that the total channel gain is constant and has been
normalized. When w # 1, we obtain

Ay =1n(1: Kg)Trp(Kqg+ CynKa : 2Kq+ Cyp n KA)

Ka—1
= i [\/PTSaELg”) + zn(q + 1)]
q=0

x [VPT.pag),

+ Zn(Kd + Cw,'n,KA +q+ 1):| .

n—=C1,n)Ka+q

€))

Clearly, if Cy,n # Cin, we have E[d, ] = 0, because
{aq (n) }K 41 are uncorrelated to each other and have zero mean.

Based on the decision variables d(1),...,d(M), we assert
that message @ has been sent if d(w) > p and V w # b,

d(w) < p, where p := PTsaf(1 — ¢€) is a certain threshold,
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Based on the law of large numbers, we know that

limy_ 0 d(1) = PT,af. Thus, we have

lim Pr(d(1) < p) =

N—oo

]\}im Pr(d(1) < PTsaf(1 —¢€)) =0.
(12)
To characterize Pr(d(w) > p) for w # 1, we resort to the

Chernoff bound
N
=Pr <Z dw,n > Np)
n=1

N
< efthE |:6t 271:1 dw,n:|

*tNPHE wn

where in obtaining the last equality, we have used the fact that
{dy.n})_, are independent.

Now, our task is to find the moment generating function of
d,n in (9). From [13, Ch. 6], we can obtain the following result:

~(n) Ka-1 1 =
m9ay” =——>Xe¢€~
{ g }q:() N2 K

(%)

where = is defined as shown in the equation at the bottom of
the page. If during the nth channel use, codewords C; and C,,
collide, ie., |(Cwn — C1,n)Ka| < Kq, then we can upper
bound (14) as

Pr(d(w) >

Vi>0  (13)

E |etdw. (14)

and € > 0 can be made arbitrarily close to zero. Now, let us il = (n) K4—1 1
analyze the decoding error probability PE(N) , for which itis easy L e ' {aq } 4=0 < N2 ) e/2
0
to verify the following expression: (1 -3t )
Noy2 P02 2 ~(”> + 2 PTs0f Z ~(">
PM™ — py (d < p|JUM d(w) > ) 10)  xexp = a=0
2(1-%e)
In Section III, we will upper bound Pe(N) and find the rate that is
achievable, in the sense that Pe@ ) goes to zero as IV, the number  where we have used Cauchy’s inequality
of channel uses, goes to infinity.
Kg—1
III. ACHIEVABLE RATES q+(Cw n=C1,n)K
From the expression of P in (10), we can readily obtain Ko—1 Kyl
the union bound ~(n)2 ~(n)2
<y DAt Y Qg (Cuvn—C1,0)Ka
q=0 q=0
Kd—l
P < Pr(d(1) < p) + Z Pr(d(w) > p).  (11) < > al (15)
q=0
Ny g2 B (o2 ()2 IOMO)
T PTaf ZO ( + “q+(cw,n—cl,n)KA) 2tPTsaf Z gy (Crp=C1 ) Kn
== exp = exp

2(1- 3¢

2 (1 - Sie)
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d 1 ~(”)2

Using the assumption that Z = 1, we have
1
tdw n ~(n)
E e {aq } < —N2 K./2
(1-57)
2o t2PT, 203 + 2tPT a3
X exXp = ¢collision- (16)

2(1-%0)

If there is no collision between codewords C; and C', over the
nth channel use, i.e., |(Cy.n — C1,n)Ka| > Kq, then we have

Kg—1
02 PTag Y alm?
q=0
exp 2
D
tdw,n |} ~(n) —
Ele {(lq }‘| o N2 Kaq/2
(1-%)
No 2 pT, a8
exp —
]
= Kq/2 = (bclear (17)

With ¢ denoting the number of collisions between codewords
C1 and C,,, we obtain [cf. (13), (16), and (17)]

Pr(d(w) >

*tNPHE wn

N—c
clear*

< —th¢

= collision

(18)
Now, in order to eliminate the effect of a particular codebook

generation, we average the probability Pr(d(w) > p) over all
codebook realizations to arrive at

(w) > p)]

r(d

EC [ 7th¢COthlOI1¢(J‘,\ITE;$]

N

> ( ) — )N e

c=0
—tN

=€ [u¢colllslon + (1 - )(;bclear]N

Ec [P
<

N—c

—tN
pqscolhslon(zbclear

V>0 (19)

where i := Pr(|Cyn — C1 n|Ka < Kg). Substituting (16) and
(17) into (19) and recalling (11), we have

Be [PV
< B [Pr(d(1) < )+ 3 Fe [Pr(d(w) > p)]

p)] + M Ec [Pr(d(w) > p)]
< Ee [Pr(d(1) < p)]
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. In M Ky Ng o,
+It11>1(rjlexp{—N[— N —|—tp+71n<1——t

0
4
. (ﬂ eXp{ [Noy2 4 t]Nle 2203 }

2 (1 -
(20)

)
Set?PT,of3
+ (1 —N)exp{m}>

One can clearly see from (20) that in order for the error prob-
ability to vanish as IV goes to infinity, the following condition
must be fulfilled:

M K, Ng o,
N >0 2 <1 4 3! )
[Bet? +t] PT 208
— In[ pexp e

2(1— )

o2 PT,
+(1—u)exp{—2t Nﬁf }) @1)
2(1- %)

Considering the fact that each channel use lasts Ts = 27, +
(m—1)A seconds, we obtain that the achievable rates (in nats/s)
must satisfy

In M 1
R = N—T,S < R[) = i r?gg(tPTsaﬁ(l - 6)
Kq

N2
- In - 042
[8242 + t] PT203
—In{ pexp N

2(1— )

o2 PT,
+(1—p) exp{”ij\f‘ﬁb (22)

2(1— i )

The threshold rate Ry characterizing the set of achievable
rates in (22) will be numerically evaluated and compared with
AWGN channel capacity in Section IV for practical UWB
system parameters.

IV. NUMERICAL RESULTS

AWGN channel capacity with bandwidth W is given
by C(W) = Wln(l + Pr/(NoW)) with Pg denoting
the average received power. As W — oo, we have
C(W) — C(o0) := Pr/Ny. Interestingly, frequency-shift
keying (FSK) is capable of achieving C'(c0) even with nonco-
herent reception in the presence of multipath fading [3], [8],
[14]. In this section, we will examine the achievable rates in the
practically popular TR-PPM-based UWB system, and compare
them with C(c0).
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Fig. 2. Achievable rates of a 1-GHz practical UWB system. In (22), we adopt
a=p3=+2/2,e=0,K,=20,p0=1/m, T, = (40 4+ 20(m — 1)) ns.

A. Achievable Rates of a 1-GHz UWB System

In 2002, the Federal Communications Commission (FCC)
released a spectral mask for UWB transmissions with 7.5 GHz
bandwidth in the range 3.1-10.6 GHz and maximal transmitted
power spectral density of -41.3 dbm/MHz [1]. For a 1-GHz
UWB system, the maximum transmission power would be
Pr = —12 dBm. At room temperature, i.e., T, = 300 K, the
noise spectral density is Ng = kTp-F - L =-102.83 dBm/MHz,
where k = 1.38 x 10~23 J/K is Boltzmann’s constant, the noise
figure is 7 = 6 dB, and a link margin £ = 5 dB is assumed.
Based on experimental measurements [2], an 80-dB path loss
is expected at a 10-m Tx—Rx separation, which corresponds to
a received-power-to-noise ratio Pr /Ny = 70 dB. Thus, 70 dB
can be thought of as a high signal-to-noise-power ratio (SNR)
benchmark for practical UWB systems.

The root mean square (RMS) delay spread of a typical UWB
channel is on the order of 20 ns for indoor environments [6].
Selecting A = T; = 20 ns in (2), when the modulation size
is m, the codeword collision probability p in (22) is found to
be 1/m. For different values of m, when € is chosen to be 0,
rate Ry in (22) for W = 1 GHz is plotted in Fig. 2 (o and 3
are optimized to be V2 /2 in (22)), from which we deduce that
the achievable rates are indeed on the order C'(co) within the
practical SNR range. When SNR is very low, we should choose
very large modulation size m, which renders the transmitted
signal extremely “peaky” in time, i.e., exhibiting a very low duty
cycle.

B. Bandwidth Scaling

1) Case 1: Free-Space Propagation: When the channel has
zero delay spread, which corresponds to free-space propagation,
we can choose Ty = T, and A = T,,. For bandwidths of 1
and 10 GHz, the achievable rates are plotted in Fig. 3. It is evi-
dent from the figure that larger bandwidths will result in larger
achievable rates.
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Fig.3. Effect of bandwidth on achievable rates: free-space propagation. In (22),
weadopta = 8 =+2/2,e=0,Ky=1,p=1/m,T, = 2T,+(m—1)T,
where T}, = 1 ns when W = 1 GHz and T}, = 0.1 ns when W = 10 GHz.

nats/second
3
T

30 70
PIN, (dB)

Fig. 4. Effect of bandwidth on achievable rates: multipath fading channel. In
(22), we adopt &« = 3 = ﬂ/Z,e = 0, K4 = 20 when W = 1 GHz and
K, =200 when W = 10 GHz, t = 1/m, T, = (40 4+ 20(m — 1)) ns.

2) Case 2: Multipath Fading Channel: As in Section IV-A,
we still choose T; = A = 20 ns. The resulting achievable
rates are plotted in Fig. 4, from where we verify that larger
bandwidth suffers from rate loss. This is because the nonco-
herent receiver collects increasingly more noise as bandwidth
increases. Interestingly, similar behavior has been observed in
[14] and [9], where the noncoherent capacity of spread-spec-
trum white-noise-like signaling over a multipath fading channel
has been shown to approach zero as bandwidth increases.

V. CONCLUSIONS AND FUTURE WORK

In this paper, we investigated the achievable rates of practical
UWRB systems with PPM and TR. We established that for SNR
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values of practical interest, PPM-UWB with TR can achieve
rates on the order of C(c0) = P/Ny (nats/s). We further veri-
fied that in order to maximize the achievable rates at low SNR,
UWRB signal transmissions must exhibit an extremely low duty
cycle. Future work will explore a tighter bound for the mo-
ment generating function of d,, , when codeword collision is
present. The Cauchy inequality used in (15) to derive the bound
in (16) turns out to be loose when Cy, , # C1 ,, and |Cy, , —
C1.n|Ka < Kg4, which will happen if we choose A < Ty in (2).
In fact, because different path gains are uncorrelated, we have

Ki—1 ~(n) ~(n) _
ER 20 aq aq+(cw.n—cl.n)KA] =0.
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