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Abstract—Cooperative communication systems using various
relay strategies can achieve spatial diversity gains, enhance cov-
erage, and potentially increase capacity. For the practically
attractive decode-and-forward (DF) relay strategy, we derive a
high-performance low-complexity coherent demodulator at the
destination in the form of a weighted combiner. The weights are
selected adaptively to account for the quality of both source-relay-
destination and source-destination links. Analysis proves that the
novel coherent demodulator can achieve the maximum possible
diversity, regardless of the underlying constellation. Its error per-
formance tightly bounds that of maximum-likelihood (ML) de-
modulation, which provably quantifies the diversity gain of ML
detection with DF relaying. Simulations corroborate the analysis
and compare the performance of the novel decoder with exist-
ing diversity-achieving strategies including analog amplify-and-
forward and selective-relaying.

Index Terms—Diversity gain, decode-and-forward (DF), full di-
versity, relay channel, relaying protocol, user cooperation.

1. INTRODUCTION

HE proliferation of wireless terminals has naturally

led to cooperative (also known as relay) links whereby
communicators benefit from their neighbors [4], [8], [9],
[11], [13], [14]. As with multi-input multi-output (MIMO)
systems, where multiple collocated antennas are deployed at the
transmit- or receive-ends, a main objective with single-antenna
cooperating terminals is also to enable spatial diversity. Beyond
MIMO with collocated antennas, relay transmissions offer
resilience against shadowing and enhanced coverage. In such
cooperative links, the message sent by the source arrives at the
destination through diverse paths: one directly from the source
node and others through relay nodes. Performance will, thus,
depend on the number of cooperating relay nodes as well as the
processing operations at both relays and destination. If properly
designed, cooperative networks can achieve diversity order up
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to the number of diverse paths (what we, henceforth, refer to
as full diversity). To put our contribution in context, we next
review the existing relay strategies, detectors, and their error
performance in terms of diversity.

If relays can afford analog processing, they can amplify-and-
forward (AF) the source waveform to the destination. Unfor-
tunately, analog AF transceivers require expensive RF chains
to mitigate the existing coupling effects. This motivates dig-
ital processing at relay nodes to sample and store the source
waveform digitally before retransmission. Because such relays
forward the decoded message to the destination, they are known
as decode-and-forward (DF) relays. A third option is to have
relays forward only those correctly decoded messages, in which
case we say that they implement selective-relaying (SR). Use
of SR presumes incorporation of, e.g., cyclic redundancy check
(CRC) codes from a higher layer in order to detect errors.

When it comes to performance analysis, the symbol-error-
probability (SEP) for general AF links has been reported in [12],
where it is also proved that full diversity is achievable with AF;
see also [10]. In SR-links, a weighted superposition of the source
and relay signals arriving at the destination can be formed us-
ing maximume-ratio-combining (MRC), which also collects the
maximum available diversity order. Unfortunately, with DF re-
lays, MRC does not offer a full diversity achieving receiver [2].
To the best of our knowledge, no efficient demodulation tech-
nique is available, which at affordable complexity, can provably
collect full diversity, regardless of the constellation, when using
the most practical relay strategy, i.e., DF. And this is the gap
which this paper aspires to fill.

A. Assumptions and Related Work

Being the most practical relay strategy, DF has drawn a great
deal of interest recently. Although it has been shown that relay
transmissions equipped with error control codes can improve
error performance considerably [6], for simplicity and due to
space limitations, we will focus on uncoded DF-streams and
symbol-by-symbol demodulators; that is, in the remainder of
this paper, DF will refer to uncoded-DF.

Our goal is to show that, through a suitable demodulator,
full diversity can be achieved with DF links. This result was
also alluded to in [13], where a maximum-likelihood (ML) op-
timal detector has been presented only for binary phase shift
keying (BPSK). As recognized in [13], performance analy-
sis of such a detector is quite complicated, which prevents
one from any quantitative diversity assessment, especially for
general constellations. For this reason, a suboptimum com-
biner termed as A-MRC was derived in [13]. Such a combiner
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facilitates performance analysis and leads to closed-form ex-
pressions for the probability of error. Simulations illustrate that
A-MRC performs close to ML, but since the combiner parameter
A has not been specified analytically, full-diversity claims can-
not be proved. In [4], a piece-wise linear (PL) near-ML decoder
has been derived for coherent and noncoherent demodulation of
binary modulations only. Exploiting the average bit-error prob-
ability (BEP) of the source-relay link that can be made available
to the destination, this PL approximation leads to closed-form
bounds on error performance, concluding that with M — 1 par-
allel relays, the diversity order in coherent operation is at the
most (M/2) 4+ 1 for M even, and (M + 1)/2 for M odd.

Our idea in this paper is to exploit the knowledge of the
instantaneous (per fading realization) BEP of the source-relay
link at the destination, and derive a novel combiner capable of
collecting full diversity with DF for any coherent modulation
and in any general (possibly multibranch and multihop) relay
links. Such a combiner that we term cooperative MRC (C-
MRC), will be shown to provide a tight lower bound on the
performance of ML detection; meaning that full diversity claims
we will establish for this combiner carry over to the ML case too.
Unlike ML and PL demodulators, it will turn out that C-MRC
offers a high-performance demodulator with low-complexity,
regardless of the underlying constellation.

The rest of this paper is organized as follows. In Section II,
the relay model will be stated for a single cooperating terminal,
the C-MRC detector will be derived, and the diversity gain of its
asymptotic error probability will be analyzed. Section III will
extend these results to general cooperation setups with multiple
cooperating branches and multiple cooperating hops per branch.
In Section IV, simulations for several settings will corrobo-
rate performance claims. Finally, conclusions will be drawn in
Section V.

Notation: (-)* denotes conjugation; CN(0,0?) denotes the
circular symmetric complex Gaussian distribution with zero
mean and variance o2; Re{z} denotes the real part of a com-
plex number z; for a random variable -, p(7y) is its probability
density function; and ¥ = E{~} is its mean.

II. SINGLE RELAY COOPERATION
A. System Model

With reference to Fig. 1, let us first consider the simplest
model in which only one relay (R) helps the source (5) to
communicate with the destination (D). The source S broadcasts
the symbols to D that are also received by R, which forwards
the decoded symbols to D. Because signals from .S and R arrive
through two different paths, if fading is present, one can (at least
in principle) design a detector capable of collecting diversity up
to the order of two.

In practice, terminals cannot transmit and receive at the same
time and over the same frequency band; however, S and R can
transmit over orthogonal channels. In this paper, we suppose
a time division duplex (TDD) mode, where data transmission
consists of two slots. In Slot I, S broadcasts modulated symbol
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Fig. 1. Block model for a single-relay cooperative system.

x with average power P;. The received symbols at R and D are
Ysr = hspx + zsr (1)
ysp = hspzr + 2sp @)

where hgpr and hgp denote the fading coefficients from S to R
and D, modeled as hsg ~ CN(0,0%3), hsp ~ CN(0,0%p),
with 0%, := E{|hgsgr|?} and 0%, := E{|hsp|*}, respectively.
Without loss of generality, we assume that the noise terms zgg
and zgp have equal variances Ny and are modeled as zgp ~
CN (0, Ng), zsp ~ CN(0, Np). In the uncoded DF protocol, R
performs coherent ML demodulation

&p = arg min lysp — hsrz|? A3)

where |A;| = © denotes the cardinality (size) of the ©-ary
constellation. Then, the detected symbol z g is re-modulated and
subsequently transmitted during Slot II with the same average
power P,. The received symbol at D is

YrD = hRDTR + ZRD 4)

where Ty is the remodulated symbol at R, hgp denotes the
channel coefficient from R to D, hgp ~ CN(0,0%) with
0% = E{|hrp|*}, and zrp ~ CN(0, Np) denotes the noise
at D.

B. Relay Link Analysis

Define the instantaneous signal-to-noise-ratio (SNR) at
links S — R, R— D and S — D as vsg := |hsr|*Y, YrD =
|hrp|?¥, and vsp := |hsp|*7, respectively, with 5 = P,. /Ny
denoting average SNR. Notice also that errors at the destination
occur either when the S — R transmission is received correctly
and the R — D transmission is received in error, or when the
S — R transmission is received in error and the R — D trans-
mission is received correctly. Hence, for any given modulation,
the two-hop S — R — D channel has end-to-end BEP given by

P (vsr,vrp) = [L = Pér(vsr) Pp (VD)
+[1 = Php(veD)IPégr(vsr) (5

where PSr(vsr) and PY,(vrp) are the conditional BEPs at
both hops which we assume available at D [5]. Due to possible
errors at the relay, the S — R — D channel is clearly nonlinear
and non-Gaussian. However, one can think of the BEP in (5)
as the error probability at the receiver of an equivalent one-hop
AWGN link whose output SNR 7. is

1
Veq 1= a{Qil[qu(”YSRa’YRD)]}z (6)
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where Q(z) := (1/v2) [.° exp(—t*/2)dt, and v is a constant
that depends on the underlying constellation; e.g., o = 2 for
BPSK. This equivalent one-hop SNR . jointly accounts for
the quality of both S — R and R — D links, and will guide the
design of our novel demodulator. To this end, we establish the
following property for .4 (see Appendix A for the proof).

Property 1: Upon defining Ymin := min{yrp,ysr}, it holds
that ~yeq in (6) is bounded by

3.24
- T < Yeq S “Ymin- (7)

Ymin

Property 1 upper-bounds the end-to-end equivalent SNR by
the minimum of its single-hop SNRs. This is intuitively ex-
pected, because the BEP over the aggregate S — R — D link
cannot exceed that of R — D or S — R. On the other hand, the
lower bound in (7) implies that for a relatively large Yuin, the
constant 3.24/« can be negligible, showing that indeed ~pin
can offer a tight approximation to 7. Property 1 will come
handy in our subsequent asymptotic analyses.

As recognized by [12] and [17] in the context of AF, knowl-
edge of the S — R link quality (ysr) at D is possible by sending
pilot symbols through R. In regenerative schemes such as DF,
one can acquire the S — R link quality by sending a pilot from S
for the relay to estimate the S — R channel, and forward it to the
destination via a second pilot whose power is scaled according
to the estimated channel coefficient. At the receiver, as in AF,
one again recovers the product of the two S — R and R — D
fading coefficients. Without knowledge of the S — R link at D,
SR requires bandwidth consuming CRC codes to ensure perfect
error detection at the relay.

C. Cooperative MRC

Consider combining the received ysp and yrp at the desti-
nation to obtain

Ip =
a in | + ( hsp + hrp)z|?
rg Helhﬂ WspYsp + WRDYRD(WsDNSD + WRDNRD )T
T T

®)

where weights wsp and wgrp are functions of hsp, hsgr, and
hgrp to be specified later. In a collocated multiantenna setup,
MRC employs weights wsp = hp and wrp = hjp, and is
known to maximize the SNR at the combiner output. This would
also be the optimal choice in our context if £z = . However,
since the fading link S — R causes detection errors at the relay,
performance of the standard MRC is far from being optimal.
Motivated by this, we fix wgp = h%, to maximize ysp, and
seek a weight wrp to maximize the equivalent SNR 7. in the
link S — R — D, instead of R — D alone. These considerations
lead to the choice
’yeq
YRD

wrp(hsr, hrD) = Wrp- )

Combiner (8) with weights wsp = h%, and wrp as in (9)
constitutes what we term cooperative MRC (C-MRC). Consider
the product wrphrp, and define |heq|? := Yeoq/7- If one opts
forMRC,wrp = hiypandthuswrphrp = |hrp|?. However,
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the weight (9) modifies the last product to wrphrp = |heq|?,
which now jointly considers the S — R and R — D links. We
also note from Property 1 that v.q =~ Ymin at sufficiently high
SNR. From this approximation, wrp can be seen as either part
of a conventional (one-hop) MRC (when vsr > yrp) oOr as
a two-hop weighted combiner (when ysr < ygp). In the first
case, because the link S — R is better than R — D, the combiner
places full confidence to the arriving symbols from R. In the
second case, S — R is a weak link and thus the confidence
is placed on the link S — R — D by|heq|?, instead of the link
R — D alone by |hrpl?.

Our C-MRC is reminiscent of the A-MRC in [14], if we select
wrp = AR p with 0 < A < 1. Recall though that in lieu of a
closed-form, the optimum A in [14] is found through numerical
search. Our closed-form in (9) will allow for analytical BEP
evaluation. Interestingly, our simulations will show that (9) is
intimately close to the optimum A obtained by [14].

Relative to ML, the C-MRC defined by (8) and (9) is sub-
optimum. To confirm the latter, it suffices to write down the
ML coherent detector, which for BPSK takes a relatively simple
form
ML { 1 — Psr(vsr)

I, " =arg max
b €A, 21 Ny

_lysp — hspz|* + lyrp — hrp|?
2Ny

Psr(vsr) lysp — hsp|*+|yrp +hrpT|?
+SBUSR) oxp |-
27’1’N0 2N0

xexp{

(10)

where |A;| = 2. An implementation of the BPSK demodulator
in (10) can be found in [14]. Clearly, implementing for higher
order constellations becomes prohibitively complex. Moreover,
asymptotic analysis of (10) is very complicated, which prevents
one from assessing ML performance [4], [14]. Assuming that the
average SNR of the S — R link is available at the destination,
the PL-ML approximation was advocated in [4] to overcome
this problem.

D. BEP of DF Using BPSK

Although the C-MRC in (8) is suitable for any ©-ary constel-
lation, for clarity in exposition, we will first analyze its perfor-
mance for BPSK. Extensions to any general constellation will
be discussed in Section II-F. With BPSK, 2 at the relay can
only take one of two values: £gp = x or £ = —x. For each
value, the C-MRC output is

YD = WRDYRD + WSDYSD

(wsphsp +wrphrp)T +WRrpDZRD + WSDZSD,

o ifi‘R:l‘,
(wsphsp —wrphRD)T +WRDZRD + WSDZSD,
if i’R = —X.

Since BPSK is real-valued, it suffices to consider only the real
part y := Re{yp}, which is a real Gaussian random variable
with zero mean and variance 02 = (Jwgp|? + |wsp|?)No/2.
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The BEP can be expressed in terms of vsg, hsp,hrp as
1
V2mo?

{ ly + (wsphsp + wrphrp)vVP:)? }
Xexpq§ — 202

P’(vsr,hsp,hrp)=[1 — Pér(vsr)] /
0

dy

o0
1
+ P /
SR(’YSR) 0 \/W

ly+ (wsphsp —wrphrp)vVP:)?
X exp< — 57

}dy. (11)

The suboptimality of C-MRC relative to ML shows up in the
second integral of (11), in which the integration region may be
different from that of ML (with probability P%x(vsr)), when-
ever (wsphsp — wrphrp) < 0. The effect of this will be pro-
nounced when both wrphrp and Pg r(vsr) are large, which
happens if the link R — D is strong compared to S — R and
S — D. It is to be noted that this suboptimality becomes negli-
gible as error probability in the link .S — R decreases. We will
see that by judiciously selecting wgrp it will become possi-
ble to reduce error probability in this second integral. Plugging
wsp = higp and (9) into (11), we can rewrite compactly (11)
in terms of the Q-function as

P(ysr,Ysp,YRD)
\/§(VSD + 'qu)
\/Ysp +7&,/7rD

ﬁ(’ySD - ’qu)

\/VsD + &/ YRD

Taking the expectation over the instantaneous SNRs, (12) yields
the average BEP, which we will analyze in Section II-E for
sufficiently large SNR values.

=[1 - P3r(ysr)IQ

+ Pér(vsr)Q (12)

E. Diversity Analysis of DF Relaying

Diversity gain (diversity order) G4 is defined as the negative
exponent of the average BEP plotted in a log-log scale when the
average SNR tends to infinity; that is

(Gey) (13)

where G denotes the coding gain. As mentioned in the introduc-
tion, we assume uncoded DF-streams and symbol-by-symbol
demodulation; so, in this case, G depends solely on the con-
stellation distances and the weights in (8). However, our goal in
this section is to assess the diversity order of C-MRC by estab-
lishing bounds on the average BEP obtained from (12). To this
end, we first notice that .4 < vrp, which upper-bounds (12)
as

P*(Ysr,Ysp,YRD)

\/5(7SD - ’qu)

(14)
VYSD +/-)/eq

<Q[\/2(vsp+7eq)] +Q[V/275R] Q [
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Because a sum is dominated by the term with the lowest diver-
sity exponent, we need to prove that both terms in the right-hand
side of (14) decay with the same exponent (diversity order),
which here equals two. Because these two terms affect diversity
through distinct means, we will analyze them separately. Let us
start by defining P} (vsr,vsp,YrD) = Q[v/2(75D + Yeq)]
and (YsrYsp,VrD) = (0857, 04p7, 0kp7). Next, we in-
voke Property 1, use the Chernoff bound, and take expectation
over the three instantaneous SNRs to bound P} as

Pb < exp(1.62)(Ysr + YrD)
=~ 2(3sp + 1)(AsrVrD +Vsr + Y&D)

F—00
=
~

(k17) 2

5)

where k; is a constant, which depends on 0%, 0%, 0% . To
appreciate (15), recall that (k;5) 2 is present whenever the relay
is forwarding the correct symbol (Zr = x), which corresponds
to the colocated multiantenna scenario, that is capable of col-
lecting full diversity.
Turning back our attention to (14), let us define the second
summand in the bound as
b o \@(VS D — 'qu)
Py(vsr:VspsVrRD) = Q[\/27sR|Q l NaTE T ] -

(16)

The next proposition upper bounds Py (see Appendix B for the
proof).

Proposition 1: The expectation E{P}(vysr,Ysp;VYrD)} :=
P} can be bounded by a term I:’2b, which decays with exponent
equal to two, that is, with ko denoting a constant, we have

Py < PP (k)2 (17)
Equation (17) together with (15) establish that C-MRC achieves
full diversity with DF, when BPSK is used.

One can gain insight about Proposition 1 by inspecting (16),
where 7y, is always smaller than v g. Anincrease in ., implies
an increase of the second Q-function factor, which is mitigated
by a decrease in the first Q-function factor in (16). This tradeoff
suggests that the use of 7.4 may be optimal in C-MRC to jointly
account for the quality of both S — R and R — D links.

F. Performance Bounds for General Constellations

Following the steps similar to Section II-E, we analyze here
the SEP of C-MRC for higher order constellations. Using the
same notational conventions, the SEP can be expressed as the
superposition of two terms, now denoted as P and Py. Defin-
ing the SEP from S to R as P§,(ysr), Py corresponds to the
case where, with probability (1 — P, (vsr)), we are combin-
ing identical symbols arriving from S and R. Error performance
of the latter is the same as in a colocated antenna system, and the
associated error probability is known to decay with an exponent
of the order of two. To ensure full diversity, we also need to
show that P5 decays with the same exponent when R is sending
an erroneously decoded symbol. To prove this, we again rely
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v

Fig. 2. Worst case in general modulation.

on bounds of P;, which happens with probability PSr(vsr).
With d iy (dmax) denoting the minimum (maximum) Euclidean
distance between points in the constellation, P5 can be bounded
by the worst case, which corresponds to the decoded symbol
at R being at distance d,,,x from the actual symbol sent from
S. In such a case, integration of the associated probability den-
sity functions (pdfs) can be simplified by reducing the decision
region to a square inscribed within the circle of radius dpiy,
as shown in Fig. 2. Finally, invoking the union bound, we can
write Py < 2P3, ,, where P5, , is the error probability across
one-dimension, and arrive at

Py ('VSRv YSD, 'YRD)

o 1
< 2Pgp(vs [/
Rl V=

X exp {_ [y + (wsphspdmin — WrpDhRDmax)]

202
2ws p hsp dmin 1
+ /

oo V2ro?

o 2
X oxp {_ ly + (wSDhSDd11112r102 WRDARDAmax)] }dy}

2
fo

(18)
where dmin = dmin/(Q\/i), CZmax = dmax — c’imin’ and 02 =
(lwrpl? + |wsp|?)No/2.

Knowing the BER conditioned on the instantaneous ysg
for a general ©-ary modulation, call it Pg p» We can read-
ily upper bound the corresponding SEP as: PSp(vsr) <
(logy ©)PS g (vsr) = (logy ©)Q[\/a7sr]. Using the latter, we
can rewrite (18) compactly as

P (vsr:Ysp,YRD)

\/§(VSD - 6’ch)

(19)
(’VSD + ﬁ%q)

< 4(log, ©)Q[v/avsr]Q [

where (3 := cfmax / cfmin > 1~and the average transmit-SNR has
also been bounded by 7 > d2 . /Ny.

min
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Fig. 3.

Block model for a multibranch cooperative system.

We now observe that (19) has a form identical (within a scale)
to P¢(vsr,vsp,Yrp) in Proposition 1. Because high SNR be-
havior is not affected by the constant 3, our performance claims
in Proposition 1 are, thus, still valid for (19), which establishes
that our C-MRC demodulator enjoys full diversity in DF-based
cooperation, regardless of the underlying constellation.

III. GENERAL COOPERATION SCENARIOS

In this section, we generalize the results of Section Il in several
directions. For simplicity in exposition, we confine ourselves
to BPSK, keeping in mind that as shown in Section II-F, any
general constellation can be bounded using worst case distances
among points in the constellation, and diversity claims can, thus,
be mapped to those stated here for BPSK.

A. Multibranch Cooperative Diversity

First, we generalize our model to the multibranch coopera-
tion setup depicted in Fig. 3. We have M relays Ry, ..., Ry,
forming M branches besides the direct link .S — D. Each R,,,
m =1,..., M, processes symbols as R does in the single-relay
case. We assume that all relays transmit over mutually orthogo-
nal channels (M + 1 time slots, for example). Letting Z,,, denote
the transmitted symbol from R,,, in Slot m + 1, the correspond-
ing received symbol at D is yr,, p = hg,, pZm + 2r,, p- Once

m m m

again, we use C-MRC to obtain

M
wspyYsp + E WR,, DYR,, D

m=1

Tp = argmin
xT

2
(20)

M
- <w5DhSD +) meDhRmD> x

m=1

where ysp = hspx + zsp is the symbol received directly from
S. We choose wsp = hp and wg,, D = Yeq,, Mz, p/ VR D>
with  Yeq, : = (1/@){Q ' [Peq(VYsR,, , YR, D)]}? and  Peg
(Y$Ry s YR D) = [1 = Psr,, (vsr, )|Pr,,p(VR, D) +[1 —
Pr,,p(Yr,, D)|Psr,, (VsR.,, )-
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As with (14), the conditional BEP can be expressed in terms
of Ysr,, » Vsp, and Vg, p as

=y Z{H PSR (m ]\i—f {1 _Png’{ (’YSRC{)]

e=0 j=1 k=1 =1

M-
\/E(VSD + Zl:1€ ryech - ZZ:l ’yeQEj )
l k

\/VSD + 3 me1(Yeq, )/ VR D

xQ

2D

where € is used to index the nodes forwarding erroneously
detected symbols Zr to D; E7 (CY) is the set of € (M — €)
distinct elements from the set {1,2,...,M}; Ej (C}) is
the kth (Ith) element of E7 (CY), E? UC?= {1,2,...,M},
FEiNCI = ¢andforany j # j/, BJ # EV', CI # C7'; finally,
= ['YSDa'YSle-w’YSRA,m'YRlDa e a'YR]\,fD]-

It is to be noted that e = 0 corresponds to all relays having
decoded correctly the symbol z, which is again tantamount
to a MIMO system with (M + 1)-collocated antennas where
full diversity of order M + 1 is ensured. For this reason, we
only need to prove our full diversity claims for ¢ > 1. Taking
expectation over y on both sides of (21), we obtain the average

BEP
P° /Pb( )n(

Considering for simplicity but without loss of generality

‘k
€

N

e=0 j=1

(Wlog) Yeq,, T min(Ysg, YR, D) := Ymin,, » WE Can express
I(e,j) as
. 1 .
I(G,J) = 9 exp( VSR)
2 C. —~C.
\/’YSD + Ymin + Ymin
M-
where Y5 = > iy 'YSRE]’ Vimin = Di= 1€'Ymm g and

S k—1 Ymin o At thls point, we should clarlfy that at

Yinin *=
high SNR, the Varlance 0%p,, does not affect the slope of I (e, j)
that we are looking for. Let us now assume wlog that ysg,, =
YR, D =7Vm,Ysp = 7/2,and define V5, := > 5, TR, -
One can easily verify that ~5;, < min(v&p, Ygp) = ’ym,

which implies that I (e, j) < I(e), with

o= [ [ [ Few-sa)

> Q [ﬁ(vg_ ’Ym)

N P(7s)P(V5r)P(YRD)dVsdVS RAVRD

(23)

where we further simplified our notation by using v, := vsp +
Yiin- The innermost integral in (23) has the same structure
encountered in Proposition 1 with the expectation taken over
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Fig. 4. Block model for a multihop cooperative system.

different pdfs. For the given SNR forms, the corresponding pdfs
are gamma distributed as

- 2M76+1(,YS)M7€ ZFYS
p(vs) = MV — iy et &P <— P ) (24)
€ \e—1 €
p(Vsr) = ((ZSRB)!T exp <—%;R) (25)
€ e—1 €
p(Vap) = ((ijDl))wg exp <7§D) (26)

Based on (24)-(26), we prove in Appendix C the following
result, which bounds the performance of I(¢) in (23).

Proposition 2: With the pdfs in (24)—(26), I (¢) withe > 1 can
be bounded by a term I (€), which decays with exponent equal
to M + 1; that is, with k(e€) denoting a constant, we have

27)

Together with the case e = 0, (27) proves that C-MRC achieves
Sull diversity (M + 1) in the multibranch cooperation scenario,
where all relays utilize the DF strategy.

B. Multihop Cooperative Diversity

Before tackling the most general cooperative scenario with
one source and one destination, we will analyze the case of
N relays Rq,..., Ry in cascade, as depicted in Fig. 4; see
also [3], [5], and [12]. We will also view this system from our
end-to-end equivalent SNR perspective.

For uniformity, in notation, we rename S as Ry, and D as
Ry41.EBach R,,,n=1,..., N, transmits its decoded symbol
Zp, while Ry transmits &y = z. The received symbol at each
R,,n=1,...,N + 1is now renamed as ¢, = hn,Tp_1 + 2Zn,
where h,, (7,) denotes the fading coefficient (output SNR) of
the link between R,, and R,,_1. Again, we assume relays trans-
mitting over mutually orthogonal channels (N + 1 time slots,
for example).

For each node R,,, we express the BEP from R,,_; to R,, as
Pb_ . = Q[v/27x]. The BEP P} at node R, is affected by all
previous n — 1 hops and can be iteratively calculated according
totherecursion P? = (1— P )P) | +(1—P) )P} |,
with Pé’ = 0. Finally, the end-to-end BEP at the destination takes
the form P}, = (1 — PR)PR nyy + (1 — PR yyy) PR Us-
ing this recursion, it is not necessary for the destination (R 41)
to have centralized knowledge of all per-hop BEPs. Let us now
define 7o, to be the solution of the equation P? = Q[/27eq, ]-
We can again simplify notation by setting Yeq := Veqy - Then,
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Y
S

Fig. 5 Block model for multihop and multibranch cooperation.

>(Eotn)

the average BEP is just

pb :/0 Q[ 2%eq) P(Yeq)@Veq

% q
< /O gexp(—%q)p(%q)d%q- (29)

Letting Ymin, := min(y1,7a,-..,7n), We can easily prove by
i 5

. . . =00 .
induction that at high SNR 7eq, & Ymin,, SINCE Yeq, ~
min(Yeq, ,¥n), and the case n = 2 is already proven in Prop-

—00

erty 1. Clearly, we have %qWRj Yminy 41 = Ymin- If P? denotes
the right hand side of (29), we can write

~p V00 1 1 “Ymin
P ~ 5 eXp(_’Ymin) —— €xXp I d’)/min-

0 Ymin min
Let us further consider wlog that all average SNRs are identi-
cal; that is, we set 4, =9, n =1,..., N + 1 and thus J,;, =
/(N + 1). Under these conventions, we obtain

PN
: 26+ N)
Equation (30) shows that the diversity order of P’ is 1. We,

therefore, confirm that a multihop cooperative system can only
achieve diversity of order one.

(30)

C. Multihop, Multibranch Cooperative Diversity

Combining results from Sections III-A and I1I-B, we are ready
to derive the diversity gain in the BEP of multihop and multi-
branch systems using C-MRC with DF relays. Let us consider
a cooperative system with M + 1 branches, By, B1, ..., By,
as depicted in Fig. 5. Without loss of generality, let By denote
the direct link. Branch B,,, consists of IV,,, relays and R,, ,, de-
notes the nth node in branch B,,, Vn =1,..., N,, and Ny = 0.
As before, R,, o denotes S, and R, n,, +1 denotes D. The re-
ceived symbol at node R, 1, 1S Ym,n = Am nEmn-1 + Zmn,
where ly, 1, (Ym,») denotes the fading coefficient (output SNR)
of the link between R, , and R,, ,—1. Relaxing the notation
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for the direct link, we write 9 = hoxo + 29, Where hg = ho 1
and 9 = 7o,1. The C-MRC detector is now

M
woYo + E WinYm, Ny, +1

m=1

M
- thO + Z wmhnL,Nm—i-l X

m=1

Zp =arg min
zeA,

2
(€29}

where w,,, weighs the symbol arriving from the mth branch.
Letting Pﬁlm denote the BEP at node R,, ,, one can focus
on branch m and calculate the equivalent end-to-end fading
coefficient eq,,  from P}, , = Q[\/2%eq,, ], and set again
Yeay, ‘= Ve n, 1+ 1he C-MRC weights here are chosen as
wo = h and Wy = Yeq,, My N, 11/, Ny 1

For given 7eq,, . » 70 and v, N, +1, the conditional BEP
is given by (28), at the bottom of this page, where v :=
(Y0, V1,15 - o s VLN 15 V2,10 - - -5 Yy -« - » VM, Nag +1)-

For the same reason as in Subsection III-A, full diversity of
order M + 1 will be collected when ¢ = 0. For € > 1, taking
expectations on both sides of (28), we obtain

m ()
P’ = / P'p()dy <Y > J(e ). (32)
e=0 j=1
Given m, and since 7o, , e min(ym1,. - Ym,n) ' =
Vming, , YV =2,..., Np, + 1, we find that J (¢, j) for ¥ — oo
is given by

J(e.f)= / L exp(—15m) Q[

\/§ Yo + ’Yrcnin _ rYIénin
= o N e,

V 7o + ,yrcnin + ’yrénin
(33)

€ o €
> YRD & D k=1 VYei N >
B ko pi

€
where  Y5p =34 Ymin_;
ko %

k
c L M—e .
’ ’ymin T Zl:l lencj

Vrnin °= k=1 Ymi
min ‘7 k=1 /min_; )
BN l,Ncl]Jrl

i+l
J
B

and vy,;, < min(Y§g, Ygp)-

Once arrived to (33), the remaining steps to establish the full
diversity of order M + 1 mimic those after (22) and will be
thus omitted. In a nutshell, we have proved that with DF-based
relays, C-MRC is full diversity achieving in general cooperation
scenarios.

IV. NUMERICAL RESULTS AND SIMULATIONS

This section presents simulated BEP tests in single-relay and
multihop/branch scenarios for practical SNR values. Unless oth-
erwise stated, the adopted modulation is BPSK; 7. is defined
as in (6) and nodes transmit with the same power P, resulting
in an average input SNR ¥ = P, /Nj.

M—e
H Eb' 7 H
P ed
i’NEi quAE’i

=1

b
1— Pc{,Nc; (rquC{Ych )] Q
i

M—
V2 (’VO + 2= Veag; — k=1 Yea,; )
1 k

M
V0 + M (ea )2/ Y N

(28)
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10 — — — — — T — R —
—— (7+30dB, 7, 7) using veq
x- -+ (7, 7+30dB, ) using veq
_ —x—-(7, 7, 7) using yeq
e i : : —o— (7+30dB 7, 7) using Yppin
N R : : <O (7, ¥+30dB, ) using ypipn
T - - =0= (3,7, 7) using Ymin

BEP
_O“

7 (dB)

Fig. 6 Performance comparison for a single-relay system using C-MRC with
BPSK: 7eq versus Ymin-

A. Single Relay Cooperation

With reference to Fig. 1, we consider representative attenua-
tion levels that correspond to those in which R is located either
close to the source, close to the destination, or, equidistant from
both; the corresponding average output SNRs (Ysr, YrD»> YSD)
in logarithmic-scale are (¥ + 30 dB, ¥, ¥), (¥, ¥ + 30 dB, ¥),
and (7, 7, ), respectively.

The validity of Property (1) is tested in Fig. 6, where the
Yeq 1N (6) is substituted by Ymin defined in Property 1. Perfor-
mance is seen to be virtually identical, which implies that the
bounds we derived are tight. The SNR setup of (y 4 30 dB,
v, ) performs better than (7, 7 + 30 dB, 7) because with the
S — R link having higher SNR, error propagation to D is mit-
igated. Same explanation applies also to the case (%, 7, 7), for
which error performance is even worse because both S — R and
R — D links have low SNR at the same time. Nevertheless, full
diversity is achieved in all the three settings. Fig. 7 compares the
bounds associated with C-MRC, A-MRC (with numerically op-
timized X as in [14]), and the ML detector in (10). As expected,
C-MRC tightly bounds error performance of the rest, which as
a by-product demonstrates the performance claims not proven
in [14].

We next compare DF with alternative diversity-achieving
strategies, namely, AF and SR for block length = 100 and CRC
bits = 16, which is assumed to be perfect. We reiterate that
the focus here is on diversity gain, which is not affected by the
block length, i.e., the diversity gain of different schemes will not
change when the block length changes. Based on analog pro-
cessing, AF slightly outperforms DF and SR, as shown in Fig. 8.
When it comes to regenerative protocols, the proposed DF de-
coder outperforms SR. Increasing the block length in SR will
increase this gap. However, if one decreases the block length,
the spectral efficiency of SR decreases. Moreover, this can also
be explained if one considers that although both DF based on
C-MRC and SR are adaptive protocols achieving full diversity,
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BEP

9, 7, 7) C-MRC
+30dB, 7, 7) A-MRC
, 7+30dB, 7) A-MRC
, 9, 7) AMRC
+30dB, 7, 7) ML

2 2A2A 2 202

7y (dB)

Fig. 7 Performance comparison for a single-relay system using C-MRC,
A-MRC, or ML demodulation with BPSK.

10 T T T T

BEP

7 (dB)

Fig. 8 Performance comparison for a single-relay system using DF-based
C-MRC versus AF versus SR (block length = 100, 16 bit-CRC is assumed to
be perfect), with BPSK.

the SR one is based on hard decisions at the relay, while DF
with C-MRC exploits soft reliability of the S — R — D link,
measured by 74 at the destination.

To check modulations higher than BPSK, we also tested
QPSK and compared C-MRC with traditional MRC. As shown
in Fig. 9, diversity loss is particularly evident for low-quality
S — R links, which justifies the importance of link quality in-
formation, which C-MRC exploits to collect full diversity.

B. Multibranch Multihop Cooperation

Here, we validate full-diversity claims for an arbitrary num-
ber of branches and relaying nodes per branch. Diversity claims
are simulated when considering multiple hops per path. A fair
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10 — — — D EEEETRTEE ———
R R SR —»— (7+30dB, 7, 7) C-MRC |:
—o6— (3, 7+30dB, 7) C-MRC |:
—A— (3, 7, 7) C-MRC

— % - (7+30dB, 7, 7) MRC
S EEEEE - © - (3, 7+30dB, 7) MRC
S U - A -(%,7% 7% MRC

<
~ITel

<
HEITRANLI TN [ 7

BEP
5

0 5 10 15 20 25
7 (dB)

Fig.9 Performance comparison for a single-relay system using C-MRC versus
MRC (QPSK modulation).

BEP

;| —&— 2-hop 2-branch
|| —©— 3-hop 2-branch
:| ——— 4-hop 2-branch

‘| = -©— - 2-hop 3-branch

-8 i 1 1 i
0 5 10 15 20 25

¥sp (dB)

Fig. 10 Performancecomparison for multibranch and multihop cooperation
using C-MRC with BPSK.

comparison requires hops R, ..., Ry to be equally spaced be-
tween S and D, which may be realistic when D is far from
S [7], [12]. Assuming path-loss exponent equal to 3, the aver-
age output SNR per hop is 7, = ysp(do/dn.n-1)>, where dy
stands for the distance between S and D, and d,, ,,—1 denotes
the distance between nodes R,, and R,,_1. Fig. 10 shows that
the full diversity is achieved regardless of the number of hops;
that is, with the same number of branches, the BEP curves have
identical slopes. On the other hand, more cooperating nodes per
branch improve performance in parallel BEP shifts, which is the
well-known coverage enhancement effect achieved by multihop
transmissions [5].

Nevertheless, we may compare the performance if we allow
these same terminals to directly communicate with the destina-
tion. The resulting BEP curve is also depicted in the same figure
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for comparison. We see that in this scenario, the number of arriv-
ing paths (diversity order) increases to 3, with no loss in coding
gain. In view of this result, we infer that when fading is present,
having all relay nodes communicate with the destination offers
a desirable tradeoff between diversity and coding gains. By in-
specting the slope of the BEP curves, we can also verify that the
achieved full diversity order increases as M increases.

V. CONCLUSION

We developed a high-performance C-MRC demodulator
when cooperating relays utilize the practical DF strategy. We
proved that full diversity gains can be achieved with C-MRC
in general cooperative links entailing any number of hops and
branches, and regardless of the underlying constellation. Simu-
lations illustrated that our C-MRC performs surprisingly close
to ML, while its computational simplicity relative to ML is ir-
respective of the constellation used. C-MRC adapts its struc-
ture depending on the knowledge of the S — R link qual-
ity, which is feasible to acquire through training. Relative to
competing alternatives, C-MRC with DF relays outperforms
existing link-adaptive regenerative strategies and comes very
close to AF, which is certainly more expensive to implement in
practice.!

APPENDIX A

PROOF OF PROPERTY 1

We first derive an upper bound on v.q. Since Q[z] is mono-
tonically decreasing, we have P%,(vrp) = Q[\/aVrD] <

Q[0] =1/2, and Pip(ysr) = Qlyavsgr] < 1/2. 1t, thus,
follows readily from that Pé’q(’ySR,’yRD) > P%,(vrp) =

Ql/oVrp] and Pfq(’)’SRA’RD) > PSr(vsr) = Q[/asR)-
Because Q![y] is also monotonically decreasing, we deduce
that

1
Yea < = {min{\/a7rp, vVoysr}}’
= min{Yrp, YSR} = Ymin- (34)
We will next lower bound 7¢q by
(1/0) {Q " {Q(va7rD) + Q(Varsr)}
using (5) and (6). As

e (5) e ()
R «p [ 2
N 2mx P 2 )~ 2z P 2

Q 'y > o

where Wy(x) is the principal branch of the Lambert W-

function [16]. It, thus, follows that Yeq > & Wolgm757]

IThe views and conclusions contained in this document are those of the
authors and should not be interpreted as representing the official policies, either
expressed or implied, of the Army Research Laboratory or the U.S. Government.
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where
) exp(~aysr/2)
¥ =Q(VaTRD) + QVaTsR) < =

exp(—ayrp/2)

\/§7T VAEYRD

when y < Q(, /7). Using the property of Wy[z], we have
Wolz] > In[z] — ln[ln[ ]] when z > exp(1) [16].
Then, we have Yeq > {In[y.] — In[In[y.]]}, when 7in >
d/a, where
o*YsRYRD
Yz =

12[/avsr exp(—ayrp/2)++/aVrD exp(—aysr/2)?

e e

With some additional manipulations, we find that

for any > 1 and v > 1. Using numerical search to find p
and v, we obtain a tight lower bound when p =1.89,v =
3.6, d = 3.23157, from which we deduce that Yeq > Ymin
—3.23165/a > Ymin — 3.24/, if Ymin > d/a. Combining
this lower bound with the upper bound in (34), it follows that
for any veq > 0

3.24

- — < 70q § Ymin- (35)
a

’Ymin

APPENDIX B
PROOF OF PROPOSITION 1
From (16) and Property 1, we obtain PQb < A + B, where

/// *eXp ’YSR);QXP{_

min

(’YSD - 7111ir1)2:|
YSD + Ymin

X p(vsp)P(Ysr)P(YRD )y dys  AYRD

/ / /Wmmlexp (—=vsr)

x p(vsp)p(vsr)P(YeD)dVsDdVSRAYRD-
For A, we have

1 ISR
- eXP —YSR) = €xp
VSR YSR

RD
X —— exp (—7> 7fA('7mm)d’YSRd'7RD
YRD ) VSD

where
f A (Vmin)

_ > 475D’7min
- exp [— | YSD + Ymin — ——————
min YSD + Vmin
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YsD >
X eXp( ’YSD) dvsp </

X €Xp |: - (75D + Ymin — 2\/ ’YSD'Ymin)i|

YS Ysp
d — —
xexp( ) YsD (1 en)? eXp(

'Ymin)
VsD

X {1 +7sp + V(1 + W’SD)W’VSDme} .
After integrating over different regions and recalling that

~Ymin = min{ysg, YrD }, We arrive at

7 Yspv1
A<A:= — — — —
4(1+%sp)(1+7sr)(¥sr YrD +¥sDV1)

7T’_YSD( 1.7.5»7DSD )S/Q'YSR’YRD \/1 + 'yST + 7573 + 'YRD

+
8(1+7sr)v2(¥sr YrD +FsD71)?
Y2 pTrDVAsRA/1+ %

(36)

8(14+9sp)3/2\/72(3sr ArD +VsD71)
where 1 := Ysr +YrD + Vsr Yrp and 2 := Ysp + Ysr +

YSD VSR-
Likewise for B, we have
’YSR)
YSR
p ( Ww) [1 exp ( Wmm)} dysrdyrD
YRD YSD

1
5 GXP ’YSR) - eX
VSR YRD

~ 2(1+9sr)[YsrYrD + 35D (Asr +VrD +V5RYRD)]

—€eX
YRD

Upon deﬁning (:)/SRaj)/SDai/RD) = (U?SRT%O-%D’?’O}Q%D’V),
where 0%, 0%, and %, are three finite constants de-
pending on the practical design, one can easily verify that

P} <A+ B~ (k:g'y) ~2, where ky is a constant, which de-
pends on 0%y, 0%, and 0% .
APPENDIX C
PROOF OF PROPOSITION 2

Expanding (23), we obtain I(e) = C'+ D where

1 (Vs — Ym)?
C: / / / ex ex [ }
o 2° p(=75r)5 <P ¥s + Ym

x p(7s)P(Vsr)P(YRD)dVsdYSRAVR D

D / / /% ieXP (—75r)

x p(7s)P(Vsr)P(YRp)dVsdYSRAVRD -

Following the steps similar to those in Appendix B, we find
C < C, with C defined as

2M—2e+1 — \k
C .= Z {2M26(,y)6 (2;@)

k=0

o L (2M=2e41\ T[1 — € — k/2 + M]
14+e+k/2-M
x(2+7) < k > T[[T[M — e+ 1]
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1 9 —e—k/2 e—1 1 i—€
Tle+k/2) (142 +—— +@) S (142

[ ”( 5 2+v> ) Z( >

—e—k/2—i ,
" 1_'_3_'_ 27 F[6+Ik/2+l]
57215 Tfi+ 1]

where I'[a, z] := [ 7 t*"* exp(—t)dt is the upper incomplete
gamma function, and I'[a] := I'[a, 0] [15].

Using T'[n, 2] := (n — 1)!exp(—z) 32724 %’: for any integer
n, we obtain (after integrating and manipulating) that D < D :=
Dy + D5, where

M+1
-z (1)
3+7

2 TIM +1
X2F1(1,1+M;2—6+M;3+’7) (M +1]

T[M — e+ 2]T[¢]

P2 = r[e]r[g\})jew} <4i7> Ty (1 * j)

=0

2\ T[1+i+M
« o Fy (1,1+i+M;2—e+M; > [L+i+ M]

4+75) T[+i]

where o F}(a,b;c; z) denotes the Gauss hypergeometric func-
tion defined ine.g., [1, eq. (15.1.1)]. Given € > 1, one can verify

that I(e) < C + Dvgm[k(e)ﬁ}’M’l, where k(¢) is a constant,
which does not depend on 7.
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