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Abstract—We minimize average transmit power with finite-rate
feedback for coherent communications in a wireless sensor net-
work (WSN), where sensors communicate with a fusion center
using adaptive modulation and coding over a wireless fading
channel. By viewing the coherent WSN setup as a distributed
space–time multiple-input single-output (MISO) system, we
present optimal distributed beamforming and resource allocation
ceive-signal-to-noise-ratio (SNR), [16], [20], or, to minimize bit
error rate (BER) [25]; as well as to optimize power efficiency for
single-input single-output (SISO) and multiuser systems [18],
[19].

This paper deals with a distributed multiple-input
single-output (MISO) communication system in the power-lim-
ited regime of a WSN where sensor transmissions arrive coher-
ently at the FC [3], [4]. Timing needed to ensure coherence is
assumed to have been acquired using e.g., the low-complexity
synchronization algorithm of [17]. Specifically, the sensors’
average transmit power is minimized subject to average rate
and BER constraints, based on three different types of CSIT:

i) F-CSIT where each channel realization is assumed avail-
able at each sensor;

ii) Q-CSIT where the sensors only have quantized knowl-
edge of their links with the FC; and

iii) individual (I-) CSIT where each sensor has full knowl-
edge of its own channel but only quantized knowledge of
the other sensors’ channels.

For these cases, we develop corresponding adaptive modula-
tion/coding, power loading and beamforming strategies as well
as the channel quantizers needed to form the required Q-CSIT
as the solution of constrained optimization problems.
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Fig. 1. System model.

The rest of the paper is organized as follows. After intro-
ducing modeling preliminaries in Section II, we derive in
Section III optimal transmit-adaptation based on F-CSIT which
provides fundamental limits and benchmarks the power effi-
ciency based on Q-CSIT. Subsequently, we solve the optimal
adaptation problem based on Q-CSIT in Section IV, while
Section V deals with the optimal design based on I-CSIT. Sim-
ulated examples and comparisons are provided in Section VI,
followed by concluding remarks.

Notation: We use boldface lower-case letters to denote
column vectors, to denote transposition, conjugate, con-
jugate transposition, and the Euclidean norm. For a random
variable will denote its probability density function
(PDF), and its cumulative distribution function (CDF).
Furthermore, will denote the complex-Gaussian
distribution with mean and variance the minimum
integer , and the expectation operator over .

II. MODELING PRELIMINARIES

We consider a WSN setup where sensors indexed by
wish to communicate an information message (say

the value of a random variable they track or information they
relay) to the FC; see Fig. 1. We assume that:

(as1) the information is common to all sensors and arrives
coherently at the FC.

With denoting block fading channel coefficients
between sensors and the FC, we further assume that:

(as2) are independent and identically dis-
tributed (i.i.d.) according to a complex Gaussian distribu-
tion with zero mean and unit variance, i.e., ;
and each block fading channel process is ergodic;
(as3) the FC feeds back to the sensors the CSI indexed
by bits per channel realization, without error and with
negligible delay.

As in [3] and [4], synchronization in (as1) is assumed ac-
quired using low-complexity synchronization algorithms; see,
e.g., [17] and references therein. A setup where sensors have

a common message to transmit as in (as1) fits a cooperative
scenario where bits from a common source encoded with suf-
ficiently powerful error control codes are relayed through dis-
tributed sensors to a destination. On the other hand, for WSNs
deployed to perform an estimation task, common data across
sensors can be safely assumed identical under any one of the
following three operating conditions: (c1) sensors are located
inside a small area and the information-bearing source is close
enough so that errors in recovering the source data at the sensors
can be deemed negligible; (c2) instead of multiple single-an-
tenna sensors, we have a single multi-antenna sensor; or (c3)
sensors exchange information to consent on the source. Besides
providing mathematical tractability, (as2) can also hold under
any one of aforementioned operating conditions (c1)–(c3). Ex-
tension to correlated channels is possible but is out of the scope
of this work. Finally, (as3) can be easily guaranteed with suf-
ficiently strong error control codes, since the feedback channel
has typically low rate.

Given a pool of adaptive modulation and coding (AMC)
pairs, we suppose that each sensor supports a finite number

of AMC modes indexed by , with each
mode having constellation size and transmission rate

, where denotes the coding rate. To guar-
antee quality of service, the rates must be delivered
with a prescribed BER . To mitigate the effects of fading,
the sensors beamform their transmitted symbol. Since a MISO
system has multiplexing gain one (see, e.g., [9 pp. 48]), the
sensors encode one information-bearing symbol per channel
use utilizing a common AMC mode. With this AMC mode,
the th sensor transmits multiplied by a complex (steering)
weight . Let denote the distributed
beamforming vector and the fading MISO
channel. The received symbol at the FC can be expressed as

(1)

where , and denotes the additive white Gaussian
noise (AWGN) with zero mean and variance . Notice that
both the phase and the modulus of can be tuned to effect
not only distributed beamforming but also power allocation
per fading state . Letting denote the average energy per
symbol, we can write the total transmit power and receive-SNR
per symbol as

(2)

(3)

where for the last equality in (2) and (3) we have assumed
without loss of generality that . It follows from
(3) that after beamforming, the MISO vector channel in (1) is
fully characterized by the equivalent SISO scalar channel with
normalized power gain . The receive-SNR for the
equivalent SISO system can be rewritten as .

Let denote the -bit Q-CSI codeword that the
FC feeds back to the sensors per (as3). Based on , the
sensors adapt their transmit-parameters to one of
prescribed modes specifying the transmission rate ,
transmit power and beamforming vector .
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Our goal is to optimally design the channel quantizer which
yields based on which we wish to adapt

, and , so that the total average power transmitted
by all sensors is minimized subject to average rate and BER
requirements. To this end, we willÞrst rely on F-CSIT which
corresponds to setting in (as3).

III. SOLUTION BASED ON F-CSIT

In this section, we derive the optimal adaptive transmission
policy based on F-CSIT to provide insight and benchmark the
Q-CSIT based design of Section IV. For , Q-CSIT be-
comes F-CSIT; i.e., . Given , we wish to adapt the
transmit power , rate and beamforming vector
to minimize the average transmit power subject to prescribed re-
quirements on the average rate and BER . As we show
next, the adaptation of the beamformer can be performed sepa-
rately from the power and rate adaptation without loss of opti-
mality (w.l.o.o.). This allows us to tackle the original problem
in two separate phases:Þrst we solve for the optimal1 adapta-
tion of the beamformer ; next we introduce in the
original problem and solve for the optimal power and rate

adaptation.

A. Optimal Distributed Beamformer

From (2) and (3) we recognize that the selection ofaffects
the scalar channel gain. Since for any AMC mode the re-
quired transmit power is monotonically decreasing
w.r.t. (for any given and ), to minimize the transmit
power we have to adapt per channel realization so
that is maximized. The optimal unitary beam-
forming vector maximizing , hence minimizing the
required transmit power, is clearly (see, e.g., [10, Sec. 7.3.1])

(4)

and depends only on the channel phase, i.e.,
.

To proceed with the optimal rate and power allocation strate-
gies, we need to characterize statistically the channel in (1) when
beamforming is adapted as in (4). When ,
the channel gain is

(5)

As per (as2), adheres to a chi-squared distribution with PDF

(6)

where is the incomplete Gamma
function and . The corresponding CDF is

(7)

It is worth to recall that when optimal beamforming in
(4) is implemented, the MISO channel in (1) is fully character-
ized by an equivalent SISO channel with power gaindictated

1Henceforth,x will denote the optimal value ofx.

by (5). This implies w.l.o.o. that solving for the optimal
and is equivalent toÞnding the optimal and .
Notice that since (and thus ) varies from one realization to
the next, rate and power will be adapted across time in order
to minimize theaveragetransmit power under anaveragerate
constraint (the requirement on BER will be automatically
accounted for in the relationship between the power and the rate
as we will see next).

B. Optimal Rate and Power Allocation

We order the AMC modes such that and
let theÞrst mode represent the inactive mode with zero rate and
power . With denoting the instantaneous
BER function, the minimum transmit power for theth AMC
mode to satisfy the BER requirement can be calculated by
solving with respect to (w.r.t.) the equation

(8)

For -ary quadrature amplitude modulation (QAM), the BER
can be accurately approximated as2 [11] (e.g.,

for uncoded transmissions)

(9)

Substituting (9) into (8), the required power for theth AMC
mode can be expressed as

(10)

With F-CSIT available, (10) shows that specifying the AMC
mode determines not only the rate but also the power required to
meet the prescribed . Furthermore, it is easy to see that with

given the range of can be divided into consecutive
intervals with and , and theth AMC
mode will be chosen if . Conversely, this means
that once the intervals are speciÞed for ,
the rate and power allocations will be

if (11)

(12)

Letting , (11) and (12) imply that to
Þnd the optimal rate and power allocations, we only need to
search for the optimal which solves the following constrained
minimization problem:

where

subject to
(13)

2Extensions to modulation schemes other than M-QAM are also possible.
By appropriately selecting� and � , (9) can also be used to accommodate
(un)coded transmissions as a BER upperbound based on the Chernoff bound
[21].
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with F-CSIT to minimize the transmit power, the optimal
maximizes the equivalent scalar channel gain in (3), i.e.,

(17)

Codebooks have been optimized for collocated MISO sys-
tems [20], [16], [22]. Under various criteria, optimal codebooks
minimize the maximum correlation between codewords. Based
on the Grassmanian line packing criterion, [16] further showed
that minimization of the maximum correlation is equivalent to
maximization of the minimum chordal distance which for two
unitary complex vectors and is defined as [8]

(18)

In view of (18), the optimization in (17) can be expressed as

(19)

and the optimal codebook as

(20)

For arbitrary beamformer sizes and codebook sizes , nu-
merical solutions of (20) are available; see, e.g., [15]. With the
optimal codebook available to both the FC and the sensors,
the Q-CSI and optimal beamforming vector are then determined
as

(21)

(22)

Remark 1:Beamforming specified by (21) and (22) has been
proved to be optimal if . For detailed analysis on
Q-CSIT based beamforming when , we refer the reader
to [22].

Let us now turn our attention to the statistical characterization
of the equivalent channel when Q-CSIT is available. Recall that
the gain of this equivalent channel with F-CSIT available is

for the optimal beamformer in (4). But with the Q-CSIT
based optimal beamformer in (21)–(22), the equivalent channel
gain becomes , where

(23)

can be interpreted as the channel gain loss due to quantization.
This channel gain loss degrades the instantaneous receive-SNR
to .

Based on the union bound, the CDF of can be
upper-bounded tightly as [26]

(24)

where . Because and are independent
[cf. (as2)], using the approximation , we can
obtain the CDF of as

(25)

The PDF of can be in turn obtained as , yielding

(26)

The scalar channel gain fully characterizes the MISO channel
when the optimal beamformer in (21)–(22) is adopted. Based
on the closed-form expressions (25) and (26), we next follow an
approach similar to what we used when F-CSIT is available to
analytically derive the optimal rate and power allocation based
on Q-CSIT.

B. Optimal Rate and Power and Allocation

When only finite-rate feedback is available, the FC needs
to quantize using a finite number of regions. Towards this
objective, identifying each quantization region with an AMC
mode selection emerges as a natural first step. We consider
different quantization regions , and as
with F-CSIT, we associate with them the vector of thresholds

.
The th transmission mode is characterized by the rate–power

pair in the quantization region (see also [14] which
deals with throughput maximization). While is fixed for a
given AMC mode, we will select to satisfy the BER require-
ment. Clearly, the average BER for the region can be ob-
tained as the expected number of erroneous bits divided by the
expected number of transmitted bits; i.e.,

(27)

To satisfy the overall BER requirement , we set

(28)
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where ;
and , can be obtained through
implicit differentiation as

otherwise

(39)

Noticing the similarity between (38) and (33), we can readily
devise the counterpart of Algorithm 3 to compute and
offline.

C. On-Line Feedback and Adaptation of Transmitters

Once the optimal thresholds are obtained, the corre-
sponding can be computed at both the FC
and the sensors, which then implement the following online
algorithm to adapt their transmissions per channel realization:

Algorithm 5: Online Channel Adaptation (I-CSIT)

For each channel realization :

(S5.1) The FC finds
, and broadcasts to all

sensors.
(S5.2) Each sensor transmits the common

symbol using the th AMC
mode and steering weigh

.

Notice that since the beamformer based on I-CSIT does not re-
quire feedback from the FC, we only need bits
for CSI feedback, which may be significantly less than

bits required to feed back the Q-CSIT, especially
when is large.

VI. SIMULATIONS

In this section, we present numerical examples to assess the
transmit power consumed by the sensors when F-CSIT, Q-CSIT
or I-CSIT is available. The energy per symbol, system band-
width and AWGN power spectral density are selected to sat-
isfy . The simple cases tested include four sen-
sors5 with fading links adhering to (as1). Unless otherwise spec-
ified, we suppose that each sensor supports three active -ary
QAM uncoded modes: 2-QAM, 8-QAM and 32-QAM plus the
inactive state; i.e., the transmission rates of AMC modes are:

bits per symbol. In all simulations, we set the
BER requirement to and wherever applicable, the
codebook of beamforming vector has size .

5This setup is reasonable for, e.g., a WSN organized in clusters where the
role of the FC is played by a cluster-head and only a few sensors are awake per
cluster to minimize power consumption.

Fig. 2. Total transmit power versus total transmit rate for different CSIT sce-
narios (M = 4; L = 4; N = 16).

Test Case 1 (Comparison of Transmit-Power Consumption):
For variable rate requirements, Fig. 2 shows the average nor-
malized transmit power per symbol (in dB) achieved by the op-
timal adaptation policies based on: (i) F-CSIT, (ii) Q-CSIT, (iii)
I-CSIT, and (iv) spatial (S-) CSIT. In the fourth S-CSIT case, we
consider for comparison and illustration purposes that the sen-
sors implement optimal spatial beamforming based on F-CSIT
but do not implement temporal power allocation across time.

From Fig. 2, we have the following interesting observations:
(i) both Q-CSIT and I-CSIT based strategies can achieve
power efficiency close to the optimal F-CSIT based one; (ii)
the Q-CSIT based and the I-CSIT based policies yield almost
identical performance; (iii) the gap (in dB) between limited-rate
feedback based policies and the optimal F-CSIT based one re-
mains almost constant for different rate requirements; and, (iv)
both Q-CSIT and I-CSIT based strategies clearly outperform
the optimal S-CSIT scheme although the latter requires F-CSIT
while the former only require of few bits of feedback.

To test the importance of feedback on power efficiency, we
compare the power consumption by the optimal F-CSIT based
policy and that of an open-loop system without feedback. As
shown in Table I, the power consumed by the open-loop design
is 20–25 dB higher than that of the closed-loop design based
on F-CSIT. As expected, CSI can largely reduce power require-
ments, and thus considerably increase the lifespanof the WSN.

Test Case 2 (Power Consumption for Different Scenarios):
Numerical results assessing the performance of F-CSIT,
Q-CSIT, I-CSIT and S-CSIT based schemes over a wide range
of parameter values are summarized in Table II. The simulation
results confirm: i) the near optimality of Q-CSIT and I-CSIT
based policies, and ii) the significant loss in power performance
that the S-CSIT based system suffers from because it does not
exploit the temporal diversity of the fading channel.

Test Case 3 (Characterizing the Optimum Solution):To gain
more insights, Table III lists the optimal quantization and re-
source allocation for the three forms of CSIT. Recall that in the
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benchmark. They outperform a S-CSIT scheme which only ex-
ploits spatial diversity with F-CSIT, and offer signiÞcant power
savings relative to open loop systems that do not exploit CSIT.

APPENDIX A
CLOSED-FORM BER EXPRESSION FORQ-CSIT

Finding a closed-form expression for
requires analytical evaluation of the two integrals in-
volved in (29). Using the CDF of , we have for the
second integral that .
The Þrst integral in (29) requires solving analytically

. Utilizing (9)
with , the latter can be rewritten as

, which after tedious
manipulations yields [cf. (26)]

(40)

Based on (40), we can write (29) in closed-form as

(41)

Finally, based on (28) and (41) we arrive at

(42)

which quantiÞes the average BER analytically when the pro-
posed Q-CSIT design is in force.

APPENDIX B
CLOSED-FORM OF THEPOWERDERIVATIVE BASED ONQ-CSIT

For the PDF of in (26), we can write

(43)

Differentiating (9) w.r.t. , we can rewrite (43) as

(44)

where is found in closed-form as

(45)

ACKNOWLEDGMENT

The views and conclusions contained in this document are
those of the authors and should not be interpreted as repre-
senting the ofÞcial policies, either expressed or implied, of the
Army Research Laboratory or the U.S. Government.

REFERENCES

[1] I. F. Akyildiz, W. Su, Y. Sankarsubramaniam, and E. Cayirci,ÒWire-
less sensor networks: A survey,ÓComput. Netw., vol. 38, pp. 393Ð422,
Mar. 2002.

[2] J. N. Al-Karaki and A. E. Kamal,ÒRouting techniques in wireless
sensor networks: A survey,ÓIEEE Wireless Commun. Mag., vol. 11,
no. 6, pp. 6Ð28, Dec. 2004.

[3] W. U. Bajwa, A. M. Sayeed, and R. Nowak,ÒMatched source-channel
communication forÞeld estimation in wireless sensor networks,Óin
Proc. Int. Conf. Inf. Process. Sensor Networks, Los Angeles, CA, Apr.
2005, pp. 332Ð339.

[4] G. Barriac, R. Mudumbai, and U. Madhow,ÒDistributed beamforming
for information transfer in sensor networks,Óin Proc. Int. Symp. Inf.
Process. Sensor Networks, Berkeley, CA, Apr. 2004, pp. 81Ð88.

[5] D. Bertsekas, Nonlinear Programming, 2nd ed. Belmont, MA:
Athena ScientiÞc, 1999.


