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Abstract—Estimation of nonstationary dynamical processes
is of paramount importance in various applications including
target tracking and navigation. The goal of this paper is to per-
form such tasks in a distributed fashion, using data collected at
power-limited sensors which either communicate with a fusion
center (FC) over noisy links, or, communicate with each other over
nonideal channels in an ad hoc setting. In FC-based wireless sensor
networks (WSNs) with a prescribed power budget, linear dimen-
sionality reducing operators which account for the sensor-to-FC
channel are derived per sensor to minimize the mean-square
error (MSE) of Kalman filtered state estimates formed at the FC.
Using these operators and state predictions fed back from the FC
online, sensors reduce the dimensionality of their local innovation
sequences and communicate them to the FC where tracking esti-
mates are corrected. Analytical and numerical results advocate
that the novel channel-aware distributed tracker outperforms
competing alternatives. In ad hoc WSNs deployed to perform dis-
tributed tracking, one sensor broadcasts reduced-dimensionality
data per time slot, according to a prespecified transmission order.
The dimensionality reducing operators employed by the broad-
casting sensor are selected to meet its transmit-power budget,
while minimizing the state estimation MSE of the sensor with the
lowest receiving SNR. Based on the received reduced-dimension-
ality data from the broadcasting sensor, every sensor in range
performs the MSE optimal tracking. Corroborating distributed
target tracking simulations based on distance-only observations
illustrate that the novel scheme provides sensors with accurate
estimates at affordable communication cost.

Index Terms—Distributed tracking, wireless sensor networks
(WSNs), Kalman filtering, target tracking.

I. INTRODUCTION

ITH the advent of resource-limited wireless sensor net-
works (WSNs), distributed estimation and tracking of
(non)stationary processes using fusion center (FC) based or ad
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hoc WSN topologies have drawn a lot of interest recently [13],
[23]. In order to save power and bandwidth, existing approaches
rely on reduced-dimensionality analog-amplitude or quantized
data to track the dynamical process of interest [6], [19]; see also
[22] where compression is performed via wavelets. In addition
to saving communication resources, dimensionality reduction
is well motivated because the sampling rate at a sensor may
be different from the data rate supported by the sensor-to-FC
or the inter-sensor communication links. In this case, dimen-
sionality-reducing matrices are useful for matching the sam-
pling rate, dictated by a desirable accuracy in estimation, with
the data rate that can be supported by the channel. However,
transmit-power as well as the fading and receiver noise have not
been fully accounted by existing approaches. Furthermore, ex-
cept for [6], estimation based on reduced-dimensionality sensor
data has dealt primarily with stationary signals [20], [23], [24].
A recent alternative for data compression using WSNs relies on
compressive sampling of sparse signals. The latter is effected
via random projections [14]; see also [17] where gossiping al-
gorithms are developed for computing random projections in a
distributed fashion.

In this paper, power-efficient and channel-aware Kalman fil-
tering (KF)-based tracking is pursued for signals that are not
necessarily sparse based on analog-amplitude reduced-dimen-
sionality multi-sensor data in both FC-based and ad hoc WSNs.
In FC-based topologies, optimal linear dimensionality-reducing
operators (matrices) are derived to compress sensor data and
minimize the MSE of state estimates at the FC, while adhering
to power constraints prescribed at each sensor. An attractive fea-
ture of this FC-based approach is the utilization of feedback
from the FC to the sensors which allows them to remove re-
dundancy from their observations, lower the dimensionality of
their innovation processes and thus gain in power efficiency.
Without channel-aware dimensionality reduction, power sav-
ings brought by FC feedback have also been studied in [12] for
tracking an auto-regressive process. Our novel approach here in-
cludes as a special case our earlier work in [20] for distributed
estimation of stationary signals, while it differs from [6] because
being channel aware it accounts for fading and additive recep-
tion noise.

Distributed tracking based on reduced-dimensionality data
is also considered for ad hoc WSNSs. In this setup, tracking
schemes are developed to gain resilience to FC failures. The
resultant algorithms scale better than those developed for
FC-based WSNSs, as the number of sensors increases. Among
the first distributed KF-based trackers using sensors commu-
nicating any-to-any over ideal links was the one in [18]. Other
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existing distributed KF approaches reduce the communication
cost either by allowing only single-hop communications among
neighboring sensors and utilizing consensus-based techniques
[15], [21], or, by having sensors quantize their data before trans-
mission to all other sensors [19]. Instead of quantization, the
approach here pursues channel-aware dimensionality reduction
of analog-amplitude observations. Specifically, a single sensor
broadcasts per time slot its reduced-dimensionality data to all
sensors in its range, which rely on the received information
to perform MSE optimal tracking. Such an approach enables
even sensors with less informative observations to acquire
high-quality data from active sensors, and boost their tracking
performance. The dimensionality-reducing operator employed
by the broadcasting sensor to compress its data is chosen to
minimize the state estimation MSE at the sensor with the worst
reception signal-to-noise ratio (SNR).

The order in which sensors broadcast their reduced-di-
mensionality data can be selected to enhance the tracking
performance. This order can be for instance set so that sensors
with high quality observations (e.g., sensors closer to a target)
broadcast their data to all other sensors, while sensors with
less informative data remain inactive. This way high-quality
(i.e., low-MSE) estimates can be formed across the WSN.
An overview of sensor selection schemes for target tracking
can be found in [25], where the information content of each
sensor’s data is quantified using appropriate information utility
functions. Then, the sensor with most informative observations
is chosen to broadcast its data to all other sensors in range.

After stating some preliminaries and formulating the
problem in Section I, the reduced-dimensionality KF scheme
for FC-based WSNs is developed in Section Ill. Specifically,
in Section I1I-A MSE optimal channel-aware linear dimen-
sionality-reducing operators are designed for a single-sensor
setup. Interestingly, it turns out that these operators allocate
power optimally across the reduced-dimensionality data in a
water-filling like manner. Determining the MSE optimal oper-
ators in a multi-sensor setup is known to be NP-hard [13]. For
this multi-sensor setup, a block coordinate descent algorithm
is developed with guaranteed convergence to a stationary point
(Section 111-B), while some interesting connections are made
between reduced-dimensionality Kalman filtering and canon-
ical correlation analysis (CCA) (see, e.g., [5]) in Section I1I-C.
Corroborating simulations in Section 111-D advocate the merits
of the novel FC-based tracking scheme. Complementary dis-
tributed reduced-dimensionality tracking algorithms for ad
hoc WSNs are developed in Section IV, where more emphasis
is placed on robustness and power efficiency. Different from
the FC-based scenario, here it becomes essential to design
the reduced-dimensionality KF separately for the cases of
ideal (Section IV-A) and nonideal sensor links (Section 1V-B).
The reduced-dimensionality distributed KFs developed for
FC-based and ad hoc topologies are compared in terms of
estimation performance in Section IV-C. Finally, concluding
remarks are offered in Section V.

Il. PROBLEM STATEMENT AND PRELIMINARIES

Consider a WSN with L sensors {S,}%_, deployed to esti-
mate a dynamical nonstationary process s(n) € RP. The goal
is to estimate s(n) based on reduced-dimensionality distributed
sensor data for two WSN configurations. The first configuration
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Fig. 1. Distributed setup for estimating a dynamic stochastic process
using FC-based WSNS.
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Fig. 2. Distributed setup for estimating a dynamic stochastic process
using ad hoc WSNs.

depicted by the topology in Fig. 1 comprises sensors that are
linked with an FC, where information gathering and tracking
of s(n) takes place. The second configuration consists of sen-
sors without an FC (ad hoc topology), where tracking of s(n)
is accomplished via information exchanges among neighboring
sensors; see Fig. 2.

The state of interest s(n), assumed to be obtained by sam-
pling uniformly the corresponding continuous-time waveform,
obeys the discrete-time difference equation

s(n) = A(n)s(n — 1)+ w(n) 1)

where A(n) € RP*P denotes the state transition matrix and
w(n) € RP denotes zero-mean additive white Gaussian noise
(AWGN) with covariance matrix X, (n). Sensor S, observes

x¢(n) = Hy(n)s(n) + ve(n), £=1,...,L (2)

where H,(n) € RM*? and the AWGN v,(n) € RM is
zero-mean with (cross-) covariance matrix X, (n) :=
E[v¢(n)v,,T(n)], and uncorrelated with w(n). Different from
[19], the observation noise is allowed to be correlated across
sensors. Each N, x 1 vector x,(n) at sensor S, can be formed
by stacking N, scalar observations collected by sampling faster
than the rate s(n) varies.

A. Fusion Center-Based WSNs

In the envisioned FC-based WSN, sensor S, relieson a k, x
Ny matrix C,(n) with k, < N, to form the reduced-dimension-
ality vector C(n)[x¢(n) — X¢(n|n —1)], where X¢(n|n — 1)
is a vector subtracted from x,(n) to save transmission power.
(It will turn out that x,(n | n — 1) is in fact a predictor of x,(n)
based on data to be specified soon.) Furthermore, the following
are assumed.
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al) The Sy-to-FC link comprises a k¢ x k, full rank channel
matrix D, along with zero-mean AWGN z,(n) at the FC with
covariance X.,.,, which is uncorrelated with s(n), {x¢(n)}L_,
and across channels. Sensors transmit over orthogonal channels
so that the FC can receive separately the vectors

ye(n) = DeCy(n)[xe(n) — Xe(n|n — 1)] + ze(n),
(=1,....L. (3

a2) The covariance matrices X ,,,(n), {Zy,v,, (n)}ﬁm:1 as
well as matrices A(n) and {H,(n)}~_,, and channel matrices
{D/}L_ | and {=.,.,}L_, are known at the FC.

a3) The feedback channel from the FC to the sensors is ideal.

Assumption al) is satisfied by analog or digital frequency-di-
vision multiplexing, e.g., multicarrier transmissions, where
each entry of the reduced dimensionality vector rides on a
subcarrier with nonzero channel gain. Time-invariance of the
channels {D,}%_, is justified when the sensors are static.
Matrices {D,}%_, in a2) can be estimated at the FC using
training symbols as detailed in, e.g., [3, p. 383]. The matrices
A(n), {He(n)},, B pw(n) and £,,,. (n) can be obtained
from the physics of the problem, i.e., using standard kinematic
models with constant velocity or acceleration that are well doc-
umented in the tracking literature; see e.g., [2, Ch. 6]. Finally
a3), that is also assumed by [6], is reasonable since the FC
has sufficient resources to mitigate errors in the FC-to-sensor
channel through powerful error control codes.

The FC concatenates y,(n), for £ € [1, L], to form [cf. (3)]

y(n) =diag(D1C1(n),...,DCL(n))[x(n) —x(n|n-1)]
+ z(n) (4)

where diag(-) denotes a block diagonal matrix, x(n) :=
[xF(n)...xE(n)]*, and likewise for the aggregate predictor
X(n|n — 1) and the FC noise vector z(n).

The goal of the FC is to track s(n) using the received data
{y(v)}2_, in (4). Specifically, the FC seeks the MMSE optimal
state estimate s(n |n) = E[s(n)|y(0),...,y(n)], recursively
(via a KF) based on the observations given by (4). To this end, it
is well known that the filtered estimate (n | n) can be obtained
from the predictor s(n|n — 1) = A(n)$(n — 1|n — 1) after
correcting it using the innovations

(n) =y(n|n—1),
Ely(n)|y(0),...,y(n—1)] (5)

y(n|n—-1):=
where y(n|n—1):

i.e., see, eg., [11, (13.61)]
s(nfn) =s(n|n—1)+ E[s(n)|y(n|n-1)].  (6)

The correction term in (6) is a function of the innovation
y(n|n — 1) which clearly depends on the selection of the local
predictor x,(n | n — 1), as summarized by the following lemma
(see Appendix A for the proof).

Lemmal: Ifx,(n|n—1) = E[x/(n)|y(0),...,y(n—1)],
then yo(n|n —1) = 0; thus y,(n|n — 1) = yi(n).

The choice of x,(n |n — 1) in Lemma 1 enables each sensor
S to save considerable power because S, needs to transmit only
the nonredundant local innovation X,(n|n — 1) := x¢(n) —
%x¢(n | n—1), which has much smaller variance than its raw data
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x¢(n). In addition, this innovation that is received at the FC, as
y¢(n) coincides with y,(n|n — 1), is all that the FC needs to
implement the correction step (6) of the KF. Since from (2) it
holds that x¢(n |n — 1) = Hy(n)§(n | n — 1), the FC must feed
back the predictor §(n | n—1) for sensor S, to form %,(n |n—1)
[cf. a3) and Fig. 1].

To proceed with the dimensionality reduction task, note that
Gaussianity and uncorrelatedness of z,(n) and v,(n) imply that
E[s(n)|y(n|n—1)]in(6)isalinear functionof y(n |n—1) =
yv(n), i.e,, E[s(n)|y(n|n —1)] = B(n)y(n|n — 1), where
B(n) denotes the linear operator applied to the received data
y(n) by the FC. Further, it follows from (4) and (6) that $(n | n)
depends on both {C,(n)}L_, and B(n). Thus, for a prescribed
average transmit-power P, per sensor S, the constrained opti-
mization problem of interest is

(B*(m) {CE M}, ) = arg min Ellls(n) = 8(n | w)]]
S.t.tr(C((n)E@@(n)C{T(n)) g P/, { = 1,...,L (7)

where ¥;,;,(n) denotes the covariance matrix of x,(n |n —1).
Besides transmission, sensors consume power also in the receive
mode. The latter is not minimized here but if P denotes av-
erage receive power and Pt°t the total power per sensor, the
prescribed transmit power in (7) is given by P, := Pt°t — pEe,

Postponing the solution of (7) until Section Il1, it is useful
to outline the envisioned communication protocol that is as-
sumed to rely on orthogonal access, e.g., TDMA. Supposing
that clock/timing synchronization has been established, each
TDMA slot (time index) n is divided into 2L + 1 subslots.
During the first subslot, the FC broadcasts to all receiving sen-
sors §(n |n — 1); and in the next L subslots the FC feeds back
one after the other C,(n) for £ = 1,..., L, each to the corre-
sponding sensor .S,. Because each sensor’s sensing unit is de-
coupled from its transceiver unit, over these first L + 1 subplots
the L sensors acquire observations and each, say the /th, forms
%X¢(n|n —1). Over the last L subslots, each sensor transmits to
the FC in a round-robin fashion its reduced dimensionality data,
e.g., S transmits Cy(n)x(n|n — 1).

B. Ad Hoc WSNs

Relative to FC-based WSNs, the distinct feature of ad hoc
WSNs is that without a central processing unit the network it-
self is in charge of tracking the state s(»). As a result, distributed
tracking algorithms can be obtained that are robust to FC fail-
ures. Similar to [19], communication among sensors takes place
over a shared wireless channel that can afford transmission of a
single message per time slot. Specifically, at time slot n there
is a single transmitting (broadcasting) sensor S,,, which, via a
k x N, matrix C,,(n) with & < N,,, forms and broadcasts to
all other sensors in its range the reduced-dimensionality vector
C.(n)xm(n), where x,,,(n) is a function of S,,,’s observations
that will be specified later in Section 1V; see also Fig. 2. The
mapping between time slot n» and sensor index m is considered
given, and can be determined using existing sensor selection
(a.k.a. scheduling) schemes [10]. Further, it is assumed that:

a4) The broadcasting channel from S,, to S, with
{ = 1,...,L and ¢ # m, is characterized by a k x k
full rank channel matrix D7}* and a zero-mean AWGN z,(n)
with covariance matrix X.,.,, which is uncorrelated with
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s(n), {x¢(n)}L_, and across channels. At time slot n, sensor
S, receives the vector
m DC,(n)%x,(n) + ze(n),
CACRE P A R ©

a5) Covariance matrices X.,.,(n), {Zv,0,, (n)}F, _;, and
matrices A(n),{H,(n)};_,, as well as channel matrices
(DL and {X.,.,}[, are assumed available to every
sensor.

As explained in Section 1I-A, the matrices in a5) can be
obtained from the physics of the problem, or during a training
phase. These matrices are acquired offline to enable online
tracking of s(n). For simplicity in exposition and since there
is a prescribed mapping between time slot index n and broad-
casting sensor index m, in the subsequent analysis we omit the
superscript index m in y7*(n).

Each sensor S, wishes to track s(n) by forming the MMSE
estimate of s(n) given {y.(v)}7_,. This will be accomplished
through Kalman filtering at each sensor. The state estimate of
s(n) will be obtained at sensor .S, using the prediction §,(n | n—
1) = A(n)8¢(n — 1|n — 1) and the received data y,(n) as

se(n|n) =se(n|n—1)+ Els(n) |ye(n|n-1)] (9

where y,(n|n — 1) := yi(n) — ye(n|n — 1). Unlike (6), the
predictor-corrector (9) for ad hoc WSNs is sensor specific.

Note that y,(n) [and thus §,(n|n)] is a function of C,,(n)
while E[s(n) | ¥¢(n | n—1)] isagain, due to Gaussianity, a linear
function of the form B(n)y,(n |n — 1). One way to determine
C,(n) at the broadcasting sensor S, could be to solve per slot
n the minimization problem

(B?(n), C7,,(n)) = arg min E||s(n) — s¢(n | n)[|’]
s.t. tr(Cp(n) 2z, 2. (n)CL (n)) < P,,. (10)

However, (10) would thenyield acompression matrix C2, (n) that
dependsonthereceiving sensor S, with £ # m,though the broad-
casting sensor S,,, can only afford broadcasting with a common
dimensionality-reducing matrix over all channel links with the re-
ceiving sensors {.S¢}/_; ;,,. Note that determining Cj,(n) in
a closed form even for a fixed £ # m, appears to be impossible.

In order to bypass these difficulties, C¢,(n) will be deter-
mined in order to minimize the MSE between s(n) and its re-
construction §;(n) = B(n)yz(n) obtained at sensor Sz, where
Sy is the sensor whose reception link from S,,, is the worst in
the sense that it has the weakest receiving SNR; i.e.,

_ ] B T
Ly, = arg oy iR tr (DZ”EZflz[ (D) ) .

L#m

{=m

(11)

Thus, for a prescribed power P,, at broadcasting sensor S,,,
matrix C,,(n) will be determined as the optimal solution of

(B?(n), C;,(n))
= arg min E[||s(n) — B(n)yg,, (n)|*]
s.t. tr (Cm )2z, %, (n)Cfn(n)) <P, (12)

where X; . (n) denotes the covariance matrix of x,,(n) at
the broadcasting sensor S,,,.

Remark 1: In both WSN settings KF-based tracking al-
gorithms will be developed based on reduced-dimensionality
sensor data. In FC-based WSNs, the FC must feed back to
the sensors {C¢(n)}L_, and 8(n|n — 1) per time slot, that
is Zle k¢Ny + p scalars. The extra p parameters required
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relative to [6] is a relatively small increase in the feedback
overhead especially in target tracking applications where typ-
ically p = 4. Thus, [6] and the approaches considered here
essentially incur comparable feedback overhead. On the other
hand, both approaches in the present paper remain applicable
even if the observation and channel noise vectors do not adhere
to a Gaussian distribution-case in which the resultant KF yields
the linear (L-) MMSE optimal estimates of s(n).

Remark 2: Although exposition here deals with dimension-
ality reduction of analog-amplitude data, the model considered
does not exclude digital communications. In fact, dimension-
ality reduction of analog-amplitude samples is the stage pre-
ceding rate-optimal bit loading for a quadratic distortion metric
of a source coder, e.g., [7, p. 345]. From another perspective,
digital transmissions can be viewed as analog ones with quan-
tization errors lumped in the additive (generally non) Gaussian
noise terms. To ensure that the noise terms z,(n) are temporarily
uncorrelated, the number of quantization bits per sensor and
time slot must be sufficiently large.

Remark 3: The minimization problems in (7) and (12), are
related to those in [20]. However, the system and data settings
here are different from those in [20]. Specifically, [20] deals with
distributed parameter estimation of stationary signals whereas
the setup here entails distributed state tracking for nonstationary
signals. Fromthis point of view, the approach here subsumes [20].
Finally, the present setup addresses both FC-based and ad hoc
topologies, whereas only FC-based WSNs are considered in [20].

I1l. REDUCED-DIMENSIONALITY KF IN FC-BASED WSNS

State estimation is dealt with in this section using reduced-
dimensionality data transmitted from distributed sensors to an
FC. The operation of the reduced-dimensionality tracker will be
described first, followed by the development of optimal matrices
{Cu(n)}E, and B(n).

Supposing that all quantities at step n — 1 are available, the
FC relies on §(n — 1 |n — 1) to obtain the state predictor

S(nln—1)=A(Mn)s(n—1|n—-1) (13)

and on the estimation error covariance matrix M(n — 1|n —
1) := E[(s(n—1)—=8(n—1|n—1))(s(n—1)=8(n—1|n—1))T]
to find the covariance matrix of the state innovation (prediction
error) §(n|n —1) :=s(n) — §(n|n —1) as

M(n|n—1) = A(n)M(n—1|n—1)AT(n)+Zyw(n). (14)

With MSE optimal {C(n)}L_, and B(n) assumed determined
as described in the ensuing section, recall that the FC feeds back
to sensor S, the matrix C,(n) and the vector §(n|n — 1).

Using the feedback and its local observation, sensor .S, forms
the innovation X,(n | n—1) := x¢(n)—%¢(n|n—1) = x¢(n)—
H;(n)s(n|n — 1) and transmits to the FC C,(n)x,(n|n —1).
The FC receives each y,(n) separately as in (3) and relies on
y(n) to obtain the filtered estimate (corrector)

L

S(n|n)=8(n|n—-1)+ ZBg(n)yg(n |n—1)

=1
where By(n) represents the columns of matrix B(n) with
indexes (30, km) + 1 through 3¢ _ k,, and B(n) :=
[Bi(n)...Br(n)]. (Recall also that y,(n|n — 1) = ye(n).)
Matrix B(n) represents the KF gain. Further, as B(n) is
chosen so that §(n | n) is the (L)MMSE estimator of s(n) based

(15)
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on y(n), the orthogonality principle and the linearity of the
expected value operator imply that the filtered error covariance
matrix (ECM) can be updated as

M(n|n) = E |(3(n|n—1) =Y Be(n)ye(n|n - 1))
(=1

L
(s(n|n—1) - ZBZ(n)S’K(” |n— 1))T] (16)
=1

where the second equallty comes from the fact that the estima-
tion error s(n) — §(n | n) is uncorrelated with the received data

{y(@)}=o-

A. Dimensionality-Reducing Matrices for a Single-Sensor
Setup

Before tackling the multi-sensor setup, consider first the de-
sign of MSE optimal dimensionality reducing matrix C; (n) for
a WSN with a single sensor, which turns out to be a basic step
for the multi-sensor problem. Using (4) with L = 1 the opti-
mization problem in (7) can be rewritten as follows [cf. (15)]

(B%(n),Ci(n)) = argmin E[||8(n |n — 1) — B(n)z1(n)
— B(n)D:Ci(n)xi(n|n—1)]|7] (17)
s.t. tr (C1(n)2s,z,(n)CT (n)) < Pr.

After straightforward algebraic manipulations, the Lagrangian
function associated with (17) can be expressed as

J(B(n),C1(n), n)

= Jo(n) + tr[(Bzz, (n) — B(n)D1C1(n) X5,z (n))
25, (0)(Bz,:(n) =2, (n)CY (n)DT BT (n))]  (18)
+ t(B®)2.,., BT ) +ufr(C10) s, 2, W) CT () — P4

where g is the corresponding Lagrange multiplier and J,(n) :=
tr(M(n|n—1)— Xz, (n )Eilil (n)Xz,5(n)) is the minimum
MSE achieved when estimating s(n | n — 1) based on x; (n | n—
1) without channel distortion and additive noise at the FC; and

forany £,m € [1, 1]
i, (n) = E [8(n|n— )X (n|n —1)]
=M(n|n — 1)HT( )
S, (n) 1= E [X(n|n - 1)XL(n|n—1)]
— Hy(n)M(n|n — DT, (n) + S0, (n). (20)

The Lagrangian function .J in (18) resembles that in [20, eq.
(24)], which deals with distributed estimation of stationary sig-
nals via reduced-dimensionality observations. However, itisim-
portant to stress that here distributed state estimation pertains to
nonstationary processes.

In order to obtain B°(n) and C¢(n), we will first sim-
plify the Lagrangian in (18) using appropriate matrix de-
compositions. To this end, consider the SVD (see e.g.,
[9]) Egil(n) = Ugi(n)ng(n)VgTi(n), as well as the
eigen-decompositions ;. z, (n) = Qz(n)Az(n)QZL(n) and
DTZ]zlllel = deAdefd,Where A@(n) = diag(/\@l(n),

SAeN, () with Az 1(n) > -+ > Az n(n) > Oand
Azd = diag()\zdm e, )\zd,kl) with )‘zd,l > e >

(19)
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Azdk, > 0. Notice that A.q4; captures the SNR of the ith
entry in the received vector y;(n) at the FC. Further, de-

fine G(n) = QF(n)Viz(n)ST;(n)Ss2(n)VE (n)Qz(n)
and let p, := rank(G(n )) = rank(X;zz, (n)), while ma-
trix Gz(n) = A_1/2( )G (n)A 1/2(n) can be factorized
as Gi(n) = Qga(n)Ags(n)Qg:(n), with Ags(n) =
diag()‘gil(n)?' )‘gl’,/)g(n)/O? )and )\g:v 1( ) Z Z

n)

Agip, (1) > 0. Moreover, let Vg(n) = _1/2( n)Qgz(n
denote the invertible matrix which simultaneously diagonalizes
the matrices G(n) and Az(n).

Relying on these matrices and their corresponding decompo-
sitions it is possible to establish the following proposition (the
proof follows using the arguments in [20, App. G and H]).

Proposition 1: Under al), a2) with L = 1, and for k; <
pg = rank(Xsz, (n))), the optimal matrices C¢(n) and B°(n)
that minimize (7) are

Ci(n) = Q:a®2V, (n)QF (n)
B°(n) = B, (n)Qa(n)V,(n) @2 "
(ee@e” +AL}) B

AL QI DTs!
where the k; x Ny matrix ®¢, := [¢¢ ;] is diagonal with diag-

zZ1Z1 (21)
onal entries given by

1/2
Agz,i(n) -
i = i\/( HOXzd,i ) - /\1d 1=1,...,6 (22)
07 Z':K/-f—l,...?kl.
Index « is the maximum integer in [1, k1] for which {#2 ;; }5;

are strictly positive; and n° is the Lagrange multiplier, associ-
ated with C$(n) and B°(n), given by

(Pl + i )‘;dl,i)z

Although @2, 1%, < and p, are all functions of =, the time
index is dropped for notational brevity.

The optimal matrices C¢(n) and B°(n) obtained in Propo-
sition 1 are given in closed form as a function of the state
and observation model parameters A(n), X,.,(n), Hi(n) and
3,0, (1), as well as the channel matrix D, the received noise
covariance X, ., and the transmission power P;.

Remark 4: Intuitively, the optimal C¢(n) in Proposition 1
selects the entries of X;(n|n — 1) in which s(n) is strongest
and the channel imperfections weakest, and allocates power
among them in a water-filling like manner. It is also worth
mentioning that (22) dictates a minimum power per sensor.
Indeed, in order to ensure that rank(®¢) = «, it must hold that
1 < Agi.w(n)Aza,., Which implies that the power must satisfy

> ()\ s ()AL )1/2 ;
i=1 gT,i 2d,i B
Agz (M) Azd i - Z)‘z,i,,;7 Vn.

=1
Notice that when the sensor power P; is relatively low, x will
be equal to one no matter how many orthogonal channels are
available. This way S; transmits the most informative entry of
%1 (n|n—1) (associated with A,z 1(n)), using the most reliable
channel (associated with A.4 1). On the contrary, if the sensor
has much more available power, P; is allocated judiciously to
all the available channels so that the error between s(n) and

pe =

(23)

P >

(24)
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§(n|n) is as small as possible. Besides, when k1 > p, there is
no improvement in the MSE obtained in (17), i.e., ¢ ;; = 0 for
any ¢ > p,. This is exactly the reason why dimensionality re-
duction is considered within the interval [1, p,] in Proposition 1.
The computations involved in obtaining C$(n) and B°(n)
per time slot n, include those needed for: i) evaluating the SVD
of Xzz,(n), Xz,z,(n) and Gz(n), [cf. (21)] and ii) performing
the necessary matrix multiplications. Thus, the complexity for
evaluating C¢(n) is O(N;) per time step n [9, Sec. 5.4].

B. Dimensionality-Reducing Matrices for the Multisensor
Setup

In the multi-sensor scenario it turns out that the minimization
problem in (7) does not lead to a closed-form solution, and in
general incurs complexity that grows exponentially with L [13],
[20]. For this reason, we resort to a block coordinate descent al-
gorithm which converges at least to a stationary point of the cost
in (7). For the L-sensor setup, the cost function in (7) becomes
[cf. (15)]

J{Be(n)} i1, {Ce(n )}f 1) (25)
= E|||s|n—1) ZBZ )IDeCemxe(n| n—1)+2z¢0)]||7-
Specifically,  suppose  temporarily that  matrices

{Bi(n)} 211z, and {Ci(n)}[, ., are fixed and satisfy
the power constraints tr(C;(n)Xz,z,(n)Cy (n)) = P, for
,...,Landl # £. Upon deflnlng

> B

1=1,1%0

S_¢(n) :=s(n)—8(n|n—-1) - Wyi(n|n—1)

the cost in (25) can be written as
J(Be(n),Ce(n)) = E[||s-e(n) =Be(n)ye(n|n—1)|"] (26)

which is a function of C,(n) and B(n). Interestingly, (26)
falls under the realm of Proposition 1. This means that when
{Bi(n)}y 2, and {Ci(n)}/-, ., are given, the matrices
B/(n) and C,(n) minimizing (26) under the power constraint
tr(Ce(n)Ez,z,(n)CT (n)) < P, can be directly obtained
from Proposition 1, after setting §(n|n — 1) = §_¢(n) and
F1(n|n—1) = ge(n|n - 1) in (17),

In order to apply the corresponding matrix decomposition, it
is also necessary to update the covariance matrices as follows

5,5, (n) = E[s¢(n)sf (n)]

= M(n | n — 1) — Bl(n)DlCl(n)Eilg(n) (27)
1=1,1#¢L
- Y = (mCl(m)D{ B[ (n)
1=1,l1#¢

(28)
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YD, C/(

-y B

1=1,1#£¢

(n)Ez,z,(n)-

In summary, the following proposition has been established:

Proposition 2: Under al) and a2) and for given
matrices  {By(n)}/_,,,, and {Ci(n)},,, satis-
fying tr(Cy(n)Ss,5(n)CT(n)) = P, the optimal
Bf(n) and C¢(n) matrices minimizing (26) subject to
tr(Ce(n)Xz,z,(n)C¥(n)) < P, are provided by Propo-
sition 1, after setting s(n) — s(n|n — 1) = S_¢(n) and
yi(n|n — 1) = yin|n — 1), and using the (cross-)
covariances in (27) and (28).

Based on Proposition 2, a block coordinate descent algorithm
follows whereby the FC determines in an alternating fashion
(successively for £ = 1, ..., L) the matrices C,(n) and B(n),
which are guaranteed to converge at least to a stationary point
of (7). This round-robin scheme is tabulated as Algorithm 1.

Algorithm 1 Fusion Center: Solving for Optimal Matrices

1: Initialize randomly {C'” (n)}Z_, and {B{”) (n)} £, so
that tr(C\” (1) 3,5, (n)(CV (n))T) = P
2: fork=1,...do

3: for/ = 1 ..... ,L do

4: Given C(")( ), B(">( ),. C(k) (n), B(k) (),

50 c V), BET ) <" 1>( )B(L'“ D(n),
determine C(k)( ), Bék)( ) usmg Proposition 2.

6: end for

7o AR e {C )
—J{BY D (), {CH TV ()M, < e fora
prescribed ¢

8: break

9: end if

10: end for

Remark 5: The KF in this subsection relies on reduced-di-
mensionality sensor data and is both channel- and power-aware.
The MMSE optimal dimensionality-reducing matrices in the
single-sensor setup as well as those in the multi-sensor case se-
lect the most “informative’ entries of x,(n|n — 1) and com-
municate them to the FC through the most reliable subchannels
of D,. On the other hand, the channel-unaware approach in [6]
is challenged by error propagation when AWGN is present in
the sensor-to-FC channels. Further, the feedback link from the
FC to sensors enables forming and reducing the dimensionality
of the innovation x,(n | n — 1) that has much smaller dynamic
range than x,(n), and thus effects transmit-power savings. Such
savings are not available in [6] or [20] where raw sensor obser-
vations are compressed directly without preprocessing. It is also
worth mentioning that the novel reduced-dimensionality KF of-
fers a neat generalization of the stationary results in [20] to non-
stationary Markov processes.

The reduced-dimensionality KF scheme is run at the FC
to track the dynamical process s(n), and is summarized as
Algorithm 2-A. The associated computational complexity for
implementing Algorithm 1 is O(Zle N}) per iteration. The
data acquisition and dimensionality reduction carried out at
the sensors is summarized under Algorithm 2-B, where each
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sensor S, only needs to perform a matrix-vector multiplication
operation that incurs computational complexity O(k,N;). Note
that at each time-step sensors have to receive from the FC C¢ (n),
which certainly consumes power. However, matrices C9(n)
depend only on the covariance of the sensor data x,(n) and that
of s(n). With matrices A(n), Hy(n), Xpw(n), X2,.,, D¢ and
X, (n) available, C,(n) can thus be determined and stored at
the sensors offline pretty much as KF covariance iterations can
be run offline. In this case, transmission of the dimensionality-
reducing matrices from the FC to the sensors is not an issue.

Algorithm 2-A Fusion Center: Reception and Estimation

1: Initialize prior estimate $(0|0) and ECM M(0 | 0)

2: forn =1,2,...do

3:  Compute §(n|n — 1) and M(n | n — 1) using (13)
and (14)

4:  Compute optimal matrices {B¢(n)}L_, and
{C¢(n)}L_, using Algorithm 1

5. Transmit CJ(n) and §(n|n — 1) to sensor S, for
(=1,...,L

6:  Receive y(n) from sensor transmissions

7:  Compute §(n | n) and M(n | n) using (15) and (16)

8: end for

Algorithm 2-B Sensor S,: Observation and Transmission

1: Observes x,(n) and receives the feedback §(n|n — 1)
and C¢(n) from FC

2: Forms x;(n|n — 1) = H;(n)s(n|n — 1) used
to construct the innovations sequence x;(n|n — 1)
thereafter.

3: Forms C¢(n)xe(n|n — 1) and transmits this to the FC

C. Reduced-Dimensionality KF With Ideal Links

If sensors utilize powerful error control codes, then the
adverse effects of nonideal links can be mitigated and the
sensor-to-FC channel links can be considered essentially ideal.
In this case, it is interesting to examine how the reduced-di-
mensionality KF schemes developed in Sections IlI-A and
111-B specialize to ideal channels. To this end, let us replace
assumption al) with:
al’) The link from sensor S, to the FC is ideal, so that the FC
receives separately the vectors

yvi(n) = Cu(n)[xe(n) — Xe(n|n—-1)], Y=1,...,L.

Notice that a1”) boils down to al) if the multiplicative fading
matrix D, is set equal to the &, x k, identity matrix I,, and
the noise covariance matrices X, ., are set equal to 0. The op-
timization problem in (7) then becomes

(1B2m)} ) ACEm}, ) = argmin B[[)5(n|n — 1)

L
S Be(n)Colm)ie(n | — DIP] (29)
=1
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The power constraint per sensor in (7) is not necessary for
ideal sensor-to-FC links. This holds because the required
transmission power can be made negligible by scaling the
optimal C¢(n) in (29) with an arbitrarily small factor o and
correspondingly multiplying B¢(n) by 1/« without inducing
loss in performance.

The optimal solution for the minimization problem in (29),
obtained from (7) under the assumption of ideal sensor-to-FC
links and after setting L = 1, can be easily found if (29) is
viewed as a canonical correlation analysis (CCA) problem.
From this perspective, it follows readily from ([5], p. 368) that:

Proposition 3: For L = 1and k; < min(Ny,p), the optimal
matrices C¢(n) at the sensor and B°(n) at the FC that minimize
(29) under al’) and a2), are

C({(n) = FQgil 1 (n)Egil (n)zi-_lli-l (n)
B°(n) = Qs b, (n)F!

where F is any k; x k; invertible matrix and Qsz, x, (n)
is the orthonormal matrix formed by the eigenvectors cor-
responding to the k; largest eigenvalues {\.., i(n)}r, of
S5z, (1) 27,5, (0)Bays5(n).

Interestingly, the results of Proposition 1 generalize
the noise-free CCA analysis in Proposition 3 to nonideal
sensor-to-FC links. Recall that in the classical CCA setup,
estimation of s(n) is performed using noiseless reduced-di-
mensionality data C¢(n)y1(n) which is not the case in
our setup. Specifically, it is possible to establish that (see
Appendix B for the proof):

Corollary 1: Proposition 1 generalizes the CCA analysis
summarized in Proposition 3 to nonideal channel links; i.e., the
optimal matrices in (21) coincide with (30) if D; = I, and
Y., =0.

Clearly, Proposition 1 allows determination of the MSE op-
timal dimensionality-reducing operator C¢(n) and the Kalman
gain B°(n), even when fading and noise are present. These
cannot be handled by the classical CCA approach, especially
for the nonstationary time-varying setup considered here. Fur-
ther, notice that if fading and reception noise are not taken into
account, estimation errors can accumulate. This is the case with
the channel-unaware approach in [6], as will be confirmed with
simulated tests presented next. Also, if p < N7 and the dimen-
sionality of %, is reduced down to p, the reduced-dimensionality
KF coincides with the classical one and there is no loss in MSE
performance.

(30)

D. Simulations

Here we test the performance of our channel-aware re-
duced-dimensionality KF and compare it with [6]. Consider
a WSN deployed for measuring e.g., room temperature. A
common state zero-acceleration propagation model is adopted
from [19], where the temperature contained in the first entry of
s(n) evolves according to

s(n) = @EZ;) - <(1) ‘f>s(n—1)+w(n)

with o« = 0.05 and covariance matrix
a3/3 a?/2
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Fig. 3. Trace of the correction ECM at the FC versus time for (a) . ,
and (b)

The WSN comprises L = 50 sensors, where each sensor S, ac-
quires N, temperature measurements. The observation matrix
H,(n) has dimensionality N, x 2 with its first column equal
to the all-one vector 1 and the second one —3,1, where G, is
chosen randomly within the range [0.1,0.3]; and X,,,, = 21,
for £ = 1,...,50. Each sensor S; reduces the dimensionality
of x;(n|n — 1) to k, = 1. Furthermore, sensors here transmit
only scalar data over scalar channels with D, = 1, while the re-
ception noise variance X,,., = off is set so that the SNR, :=
10log;o(Pe/02,) is equal to 20 dB for £ = 1,..., L. When
the reduced dimension is &, = 1, it turns out that the ma-
trices obtained by either Proposition 1 for . = 1, or, Algo-
rithm 1 have the form C?(n) = c¢p¢1, where cp, is chosen to
satisfy the power constraint in (7). This happens because the
dominant eigenvector of 3z,z,(n) and Gz(n) in this case, in-
troduced before Proposition 1, is the scaled all-one vector, i.e.,
1/(v/N)1. Thus, for this special case C3(n) is a scaled all-one
vector with the scaling constant determined by the prescribed
transmit-power. Intuitively, this is expected since the sample av-
erage of the entries in x,(n|n — 1) is a sufficient statistic for
estimating s(n) in the presence of Gaussian noise.

Fig. 3(a) and (b) depict the MSE of the novel tracker along
with that of [6], and the one corresponding to the clairvoyant
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KF which does not involve dimensionality reduction. The
MSE is obtained from the trace of M(n |n) (theoretical), as
well as through Monte Carlo simulations (empirical) for both
Ny, = 10and N, = 5 and {k, = 1}%21. The comparison is
done so that sensors utilize the same sampling rate both for the
clairvoyant KF and the reduced-dimensionality KF. Under this
equal footing, each sensor acquires and transmits IV, scalars
in the clairvoyant setup; but when dimensionality-reduction is
applied, each sensor acquires N, observations and compresses
them down to a scalar. Thus, the required bandwidth in the
clairvoyant KF is N, times larger that the one needed when
dimensionality reduction is applied. Fig. 3(a) and (b) demon-
strates that increasing N, from 5 to 10 reduces the trace of ECM
by approximately 13% (from 0.76 to 0.66), which quantifies
the improvement in state estimation performance. However,
the computational burden required per sensor increases since
complexity is in the order of O(k,Ny).

Moreover, the MSE in the novel channel-aware approach
reaches steady-state, while in the channel-unaware approach
[6] the MSE eventually diverges. This is expected since the
channel-unaware approach does not account for noise when
designing the dimensionality-reducing operators in (7). Inter-
estingly, the tracking performance achieved by the proposed
reduced-dimensionality KF is close to the one enjoyed by the
clairvoyant KF even when the compression ratio is 10. Despite
the fact that the clairvoyant KF needs IV, times more bandwidth
than the reduced-dimensionality KF, the MSE amplification
factor penalizing for latter scheme due to compression is much
smaller than the compression ratio N,. This advocates that
sensor observations are “judiciously squeezed” without much
information lost.

Similar conclusions can be drawn from Fig. 4 that depicts the
error in temperature, namely T'(n) — T'(n | n), compared with
the 3-0 bounds (see, e.g., [2, Sec. 5.4]) for both channel-aware
and channel-unaware approaches with V, = 10. Notice that the
estimation error in the channel-aware approach falls within the
3-0 bounds obtained by the reduced-dimensionality KF, thus
corroborating its MSE optimality. However, the error associ-
ated with [6] does not comply with the 3-0 bounds obtained
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Fig. 5. MSE performance of reduced-dimensionality KF in the presence of
model mismatch.

by the corresponding KF since it does not account for the pres-
ence of noise in the sensor-to-FC channels. Fig. 5 displays the
empirically computed MSE achieved by our approach when the
channel matrices D, are not perfectly known at the FC. Here the
reduced-dimensionality KF uses matrices D, where the pertur-
bation is upper bounded as |D, — Dy|| < 0.5for{=1,... L.

Clearly, the proposed tracking scheme exhibits robustness to
model mismatch.

IV. REDUCED-DIMENSIONALITY KF IN AD HoC WSNSs

In this section, distributed state tracking algorithms are de-
veloped based on reduced-dimensionality data collected by sen-
sors configured in an ad hoc topology. The motivation behind ad
hoc configurations is that information processing is performed
across sensors and not at a central location. As a consequence,
the resultant tracking schemes exhibit resilience to FC failures.
On the other hand, the reduced-dimensionality tracking algo-
rithms developed for FC-based topologies offer better MSE per-
formance since all the available data per time slot are collected
and processed at the FC. However, their ad hoc counterparts are
flexible to trade-off estimation accuracy for robustness. In addi-
tion, in the ad hoc setup only one sensor transmits per time slot,
which further improves power efficiency.

A possible approach to reduce the communication cost could
be to have each sensor perform tracking based on its own (local)
observations. However, some sensors may not attain adequate
tracking performance simply because they acquire poor obser-
vations. This motivates a communication scheme in which sen-
sors with high-quality observations broadcast their data to all
other sensors in range. In target tracking for example, sensors
that are closer to the target acquire more accurate observations
than sensors located further away. Thus, remote sensors can per-
form better if they receive and utilize information from sensors
in the vicinity of the target. Next, we first outline the steps of the
reduced-dimensionality KF running locally at each sensor, and
then elaborate on the selection of the dimensionality reducing
operator C,,,(n) as well as the data vector x,,, (n) whose dimen-
sionality is reduced at sensor .S,,.

Suppose that at time slot n — 1, each sensor .S, has available
a local state estimate s,(n — 1|n — 1) and the corresponding
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covariance matrix M,(n — 1| n — 1). Then, each sensor carries
out the prediction phase, which relies on §,(n — 1|n — 1) to
obtain the state predictor as

Se(njn—1)=An)s(n—1|n—-1) (31)

and also on M,(n — 1 |n — 1) to update the prediction ECM via
My(n|n—1) = A(n)My(n—1|n—1)AT (n)+Zyw(n). (32)

Consider temporarily that %,,,(n) and C,,,(n) are given (means
of selecting them optimally will follow in the next subsections).
At time slot n, sensor S,,, broadcasts the reduced-dimension-
ality vector C,,,(n)%,,(n) to all other sensors in range. Each of
these sensors, say the /th, receives y,(n) in (8) and corrects its
corresponding state estimate as

Se(n|n) =8¢(n|n—1)+Ke(n)ye(n|n—-1)  (33)

where K,(n) is the Kalman gain that depends on the statistics of
Ve(n|n—1). The gain K,(n) will be chosen to obtain §,(n | n)
as the MMSE estimate of state s(n) based on the data sequence
{ye(v)}!_,. The associated ECM can be written as

M(n|n) = E[(s(n) — 8¢(n|n))(s(n) = 8¢(n|n))"]
= E[(3¢(n|n—1)~K(n)ye(n|n—1))s{ (n| n—1)]
=My(n|n—-1) - Kin)Zy,5,(n) (34)

where 33,5, (n) is the cross-covariance of y,(n|n — 1) with
S¢(n|n — 1), and the Kalman gain is

Ki(n) = 5,5, (n) 5,5, (n).

The issue of which sensor broadcasts at slot n depends on
the underlying scheduling algorithm and is assumed given.
One possibility is to have only neighboring sensors with high
quality observations broadcast their reduced-dimensionality
data allowing the rest, even those sensors with less informative
data, to form accurate state estimates.

Further, recall that in FC-based WSNSs, state tracking when
links are ideal can be viewed as a special case of the one for
nonideal links. However, this is not the case in ad hoc WSNs,
where reduced-dimensionality KF for ideal and nonideal inter-
sensor links must be treated separately.

(35)

A. ldeal Sensor Links

Under operational conditions elaborated in Section 111-C here
too we assume ideal links between sensors. Thus, it follows from
a4) that at time slot n sensor S, receives the vector

ye(n) = Co(n)Xm(n),

Since the received sequence {y.(v)}7_, is the same for all £ =
1,..., L,everysensor at time slot n computes the same state es-
timate given by S¢(n|n) = E[s(n)|ye(0),...,ye(n)]. There-
fore, the sensor index ¢ in (31)—(36) can be dropped for sim-
plicity in exposition. Similar to Section I1I-A, let %,,,(n) denote
the observation innovation x,,, (n | n—1), broadcasted by sensor
S to gain in power efficiency. Since x,,,(n) = X (n|n —
1) :== X (n) — Xm(n|n — 1), it follows that y(n|n — 1) =
y(n), which implies that the received data across sensors con-
tain the minimal information required to perform the correction
step in (33).

ve=1,...,L. (36)
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Because all sensor-to-sensor links are ideal, the power con-
straint in (12) can be dropped as discussed in Section I11-C. Fur-
ther, as the received sequence {y.(v)}"_, is the same for all
sensors it follows that the optimal C°(n) in (12) is the same for
all ¢ = 1,..., L. Keeping these properties in mind, it is pos-
sible to reformulate the optimization problem in (12) as (details
in Appendix C)

(B°(n), C2,(n)) = arg min E[|[5(n |n — 1)
=B(n)Cpn(n)%m(n|n - D|*]. (37)
Similar to the optimization problem in (29) with L = 1, (37)
can also be solved using the CCA approach. Thus, the optimal
matrices C¢,(n) and B°(n) are provided by Proposition 3 as

(38)

From (37) it follows that B°(n)y(n |n — 1) is the MMSE op-
timal estimate of the innovation s(n | n — 1) based on y(n | n —
1). Thus, B°(n) plays the role of the Kalman gain K,(n) asso-
ciated with the KF steps in (31)—(34). Further, the ECM in (34)
can be updated readily if one takes into account that

= C.(n)Hp(n)

M(n|n-1), V¢ =1,...,L. (39)

B. Nonideal Sensor Links

When sensor links are nonideal, the received data {y.(v)}7_,
differ from sensor to sensor, due to the presence of additive
reception noise as well as multiplicative fading. The fact that
data received by different sensors are different, renders the cor-
responding filtered and predicted state estimates also different.
Unfortunately, this unavoidable fact does not allow KF via
reduced-dimensionality innovations, as explained next.

Suppose that the broadcasting sensor .S,,, at time slot n forms
the reduced-dimensionality vector C,,(n)X,(n|n — 1); i.e
Xm(n) = Xm(n|n — 1). Then, sensor S, receives the vector

ye(n)

Clearly, sensor S, can perform the correction step (33) so long as
ithas available the innovationy,(n | n—1) = y¢(n)—ye¢(n|n—
1), where

=D7C,.(n)X,m(n|n —1) 4 ze(n).

Ve(njn—1) = D C,,)H,, M)8¢(n|n—1)-D;*C,, ) H,, n)

Efsm(n]n = Dlye(0), ... yeln - 1)].

Since links are nonideal, y¢(n) # ym(n) for £ # m, from
which we infer that E[$,,(n|n — 1)|y¢(0),...,ye(n —
1)] # Se(n|n — 1). In fact, computing E[sm(n|n -

1)]ye(0),...,y¢(n — 1)] at sensor S, requires that S,
transmits to S, the cross-covariance between s,,,(n|n — 1) and
Smr(wy(V|lv = 1) forv = 1,2,...,n, with m/(v) denoting the
broadcasting sensor at time slot . However, this requirement
renders inter-sensor communications quite demanding in terms
of power and complexity.

This challenge can be bypassed by having S,, perform di-
mensionality reduction on its raw observation vector x,,(n);
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i.e., X (n) = xm(n). In this case, the innovation y,(n |n — 1)
in (33) takes the form

—ye(n|n—1)
—D7C,.(n)H,,(n)s¢(n|n —1)

=y(n)
=ye(n)

Ve(n|n—1)

which can be computed easily at sensor S, for/ =1,..., Land
¢ # m. This task requires only the compression matrix C,,,(n)
that can also be found locally at S, [cf. a5)], and matrix H,,,(n)
which is available at sensor S;.

To proceed, consider writing explicitly the (cross-) covari-
ance matrices

=A(n)Xss(n — )AT( )+ Zww(n) (40)
Bsa,, (n) = Els(n)x, (n)]
= B (n)H] (n) (41)
B (1) = EXm (1), (1)]
= Hy (1) S5 (n)Hy, () + B0, (n) (42)
which are required to obtain C,,,(n). Based on these, the opti-

mization in (12) can be rewritten as

(B?(n), C;,(n)) = arg min £ [||s(n ) B(n)z(n)
=B (n)D}" Cpn (n)3m (n) ] (43)
st tr (cm(n)zzmxm(n)cm (1)) < P

The optimal solution of (43) is provided by Proposition 1, since
the minimization problem in (43) resembles the one in (17).
Thus, the optimal C¢,(n) can be obtained using the (cross-)
covariance matrices of s(n) and x,,,(n) in (40)—(42), the cor-
responding channel matrices D" and the reception noise co-
variance X.,... Due to a5), the quantities that are necessary for
solving (43) are all available per sensor, which implies that each
sensor .S, can locally obtain the optimal matrix C2,(n). Upon
receiving y;(n), sensor S; is then able to perform the steps of
the reduced-dimensionality KF as outlined next.

At time slot n, the broadcasting sensor S,,, computes the in-
novation of its reduced-dimensionality observation, namely

Ym(n|n—1) = CJ, (n)[Xm(n) = Hp(n)sm(n|n—1)] (44)
and the Kalman gain K,,,(n) = 2z 5, (n)2; ', (n) with

25,5, (n) = My, (n|n — 1)H] (n)C5, T (n) (45)
i (1) = C2,(n) [Hy, (n)Myy (n | n — 1)HE (n)
+3, .. (n)]CoT(n). (46)

Then, sensor S,,, performs the correction step in (33) and updates
its filtered state ECM as specified in (34). Notice that dimension-
ality reduction is not necessary at the broadcasting sensor, since
it can readily utilize x,,,(n) and perform tracking through the
ordinary KF recursions. Though, for symmetry in exposition di-
mensionality reduction is performed across all sensors.
Similarly, after receiving y,(n) sensor Sy, with £ # m,
computes the innovation y,(n|jn — 1) = y(n) —
DC,.(n)H,,(n)s¢(n|n — 1), as well as the Kalman
gain K¢(n) = 25,5,(n)E>% (n) where

Yee
S5,4:(n) = Me(n|n — DH] (n)C;, " (n)D7"" (47)
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25,5, (n) = D" C, (1) (Hyn () Me(n | n — 1)H (n)

+ X, 0, (n))CfnT(n)DZnT + 3., (48)
and forms s,(n | n) through (33). Using (47), (48), and (33) the
correction step can be performed locally once sensor S, receives
the reduced-dimensionality data from the broadcasting sensor
Sm, Without any extra communications.

The reduced-dimensionality KF schemes in this section (for
either ideal or nonideal links) entail two phases. In the first phase
the broadcasting sensor forms x,,,(n) from x,,,(n), performs di-
mensionality reduction of x,,, (n) and broadcasts C2, (n)%,,(n)
to all other sensors. This phase is tabulated as Algorithm 3-A.
The second phase involves reception of y,(n) at all sensors in
range, through (non)ideal links and implementation of prop-
erly designed KF recursions. This phase is tabulated as Algo-
rithm 3-B.

Algorithm 3-A Broadcasting Sensor S,,,: Observation and
transmission

1: Compute matrix C¢, (n) after updating the corresponding
(cross-) covariance matrices

for ideal links

for nonideal links

Xp(n|n —1),
Xm(n)-/

3: Construct and transmit C2, (n)X,,(n)

2: Form x,,,(n) = {

Algorithm 3—B Sensor S;: Reception and estimation

1: Initialize prior estimate §,(0]/0) and ECM M,(0|0)
2:forn=1,2,...do

3: Compute 8¢(n|n—1)and M,(n |n — 1) using (31) and
(32)

4:  Compute C2,(n) via (43).
5:  Receive y,(n)
6: Compute $,(n |n) and M,(n | n) using (33) and (34).

7: end for

Algorithm 3—A is run at the broadcasting sensor and provides
reduced-dimensionality data to the rest of the neighboring (lis-
tening) sensors; Algorithm 3-B is run by all sensors in range
to keep track of the state via the filtered estimate §(n |n). The
computational complexity per sensor is determined by the steps
involved in determining the optimal C?,(n) in Proposition 1,
which is O(N2)) per time slot n.

Remark 6: The tracking schemes summarized as Algorithm
3 offer resilience to FC failures as well as savings in transmit-
power. The price paid is increase in the estimation MSE as will
become more apparent in the next subsection. However, at any
time slot only one sensor is broadcasting while the rest are just
listening. This way the lifetime of the ad hoc network can be
extended relative to the FC-based approach. Additionally, the
distributed tracking schemes developed for ad hoc WSNs scale
better than Algorithm 2 as the number of sensors increases,
and offer operational robustness (to FC failures). On the other
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hand, the distributed tracking schemes for ad hoc and FC-based
WSNs have complementary strengths. Indeed, if estimation ac-
curacy is at a premium, the FC-based tracker can be applied,
whereas when robustness, scalability and extended WSN life-
time are more important the ad hoc distributed schemes should
be preferred.

C. Simulations

Target tracking based on distance-only measurements is a
common problem in power-limited distributed estimation using
WSNs (see e.g., [8]) for which estimation with low communi-
cation cost is particularly attractive. Consider L = 100 sensors
randomly deployed uniformly in a square region of 2D x 2D
square meters, where D = 2 Km, and suppose that using any of
the existing localization algorithms, e.g., [16], every sensor has
available position vectors q, of all sensors in range.

The sensors are deployed to track the position g(n) :=
[401(n), go2(n)]T of a target. The initial position q(0) is
randomly placed within 10 meters from the reference point
[0,0]. The associated state model used in the tracking process
accounts for both the target position q(n) and its velocity
v(n) := [v1(n),v2(n)]T which is initialized as v(0) = [5, 3]7,
but not for the acceleration which is lumped into the random
noise term. The maneuvering target’s position and velocity
evolve according to

1 0 7Ts O
Cfam)\ [0 1 0 T
s(n) := <3(n)> = 8 8 (1) (1) s(n—1)+w(n) (49)

where Ty is the sampling period and the covariance matrix of
w(n) is given by
330 T2 0
0 T3/3 0 T2/2)| ,
T2/2 0 T, 0o |%w
0 T?/2 0 T

Eww (n) = (50)

Consider a radar located far from the WSN, tracking a target
moving in the direction of the field where sensors are deployed.
Sensors observe the power of the signal return off the target that
is modeled as

wm(n) = P/lla(n) = aml* +v(n) (51)

where P = Pgr/(dy>N)? and depends on the transmission
power of the radar Pg, the distance between the radar and the
WSN d}¥SN, as well as the path-loss propagation law. Also,
lla(n) — a.,|| denotes the distance between the target and the
broadcasting sensor S,,, while v(n) in (51) stands for zero-
mean observation noise with variance o2.

Mimicking the steps applied to an extended (E)KF (see, e.g.,
[11, Sec. 13.7]), sensor S, linearizes (51) in the neighborhood
of q¢(n|n — 1) to obtain

Tm(n) =z, (n) = hy, (n)a(n) + v(n) (52)

where h,,(n) := —2Pq¢(n|n—1)/||qe(n|n—1)—q,|/* and
x8,(n) = P/||ae(n|n—1)—q,||- Note that (52) is a linear ob-
servation model with all the parameters locally available at S,.

With the linearized model in (49) and (52) obeying (1)—(2), it

is possible apply the KF scheme outlined in Algorithms 3-A and
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Fig. 6. Target tracking with EKF and reduced-dimensionality EKF under:
(a) ideal sensor links, and (b) nonideal links. The parameters are set to
km, . m/s? , and dB.

3-B to track the target’s position q(n). This amounts to an ex-
tended KF based on reduced-dimensionality data (abbreviated
as RDim-EKEF in the plots).

Similar to Section I11-D, the broadcasting sensor collects
N,, = 10 samples successively in time and reduces their
dimensionality to £, = 1. With a sufficiently small sampling
period, we can assume that the target position q(n) remains
invariant during these N, successive sampling periods. Further,
the order in which sensors broadcast is specified by how close
they are to the target. Specifically, the broadcasting sensor
evaluates the Euclidean distance of each sensor from the
target’s estimated location, namely ||@m(n|n) — q¢||, and
selects the next one which is closer to the estimated sensor
location. An overview of information-driven sensor selection
schemes tailored for target tracking applications can be found
in [25]. However, different from the signal model established
in Section Il, the observation model (51) is a nonlinear one
and therefore the broadcasting sensor must rely on numerical
methods to find ¥, (n) and X, ., (n) that are necessary
for obtaining C.,,.(n) when links are nonideal. The reception
quality at sensor S, from sensor S,, is characterized by the
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Fig. 7. Standard deviation of the reduced-dimensionality EKF estimate is in
the order of 2 m—15 m for (a) ideal links, and 5 m-20 m for (b) nonideal links,
both of which are much smaller than those of the clairvoyant EKF, and almost
the same to the EKF without the communication rate constraint.

signal-to-noise ratio SNR}" = (1/|lqm — qel|?)SNR, where
i) 1/|lam — q¢||* accounts for the path-loss since S,, and
S, have inter-sensor distance ||q,, — q¢||; and ii) SNR is the
reception SNR without path-loss that is set to 20 dB.

Next, the tracking performance of RDim-EKF is compared
against the clairvoyant EKF. Note that the clairvoyant EKF en-
tails no dimensionality reduction but for fairness the communi-
cation cost as well as the communication rate are kept equal as
in Algorithm 3. To ensure identical communication cost each
broadcasting sensor in EKF acquires one sample and broad-
casts it to the other sensors, while during the same interval in
RDim-EKF each sensor acquires NV,,, samples and implements
Algorithm 3 to only broadcast a scalar sample to the rest of the
Sensors.

Fig. 6(a) and (b) depicts the true and estimated target trajec-
tories obtained by Algorithm 3 and the EKF at a specific sensor.
Fig. 7(a) and (b) shows the standard deviation of the estimation
error associated with Algorithm 3 and EKF, confirming that the
former outperforms the latter for the same communication cost.
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