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Fig. 2. Transmit current waveforms for PPM and FSK with M = 4.

where ω and ν are both positive constants. The battery effi-
ciency factor μ varies from μmax to μmin when the discharge
current increases from the rated minimum Imin to the rated
maximum Imax. Generally, μmax = 1 and μmin can be as
small as 0.5 [11].

Let us consider the discharge current waveforms in a low-
data-rate WSN, which are similar to the transmit current
profiles shown in Fig. 2. If it denotes the instantaneous
discharge current with probability density function (pdf) f(it),
the actual power consumption of the battery is V it/μ(it). It
follows that the average actual power consumption (AAPC)
of the battery can be expressed as

P0t = V

∫ Imax

Imin

it
μ(it)

f(it) dit. (4)

The important implication of this expression is that even with
the same battery parameters (ω or ν), different modulation
schemes and circuit operation modes will give rise to different
f(it)’s and thus different battery AAPCs. For a fixed current
mean value E{it}, the minimum battery AAPC P0t occurs
when it follows a single δ-function distribution and P0t is
maximized when it is uniformly distributed [11].

As for the receiving node, assuming it is powered by a
battery through a DC/DC converter with the same parameters
as those for the transmitting node, the aforementioned battery
power consumption model for transmitting node can be used
for the receiving node after replacing the total power consump-
tion expression (1) for the transmitter with Pnr = Pcr for the
receiver. This is possible because there is no transmit power
and only the circuit power consumption needs to be considered
at the receiving node. It is worth mentioning that the variables
about power and discharge current of the receiving node are
distinguished by a subscript ‘r’ from those for the transmitting
node which have a subscript ‘t’.

Having obtained the AAPCs for the transmitting node and
the receiving node, the battery AAPC for the fully-functioning
node is

P0 = aP0t + (1 − a)P0r, (5)

where the factor 0 < a < 0.5 because a node generally listens
longer time than it transmits in order to reduce the aggregate
interference in the network.

With battery capacity C0 and AAPC P0, the battery life-
time is C0/P0. Obviously, smaller P0 implies longer battery
lifetime. Therefore, battery AAPC P0 measures battery power
efficiency.

So far, we have established a general battery-driven system
model. Based on this model, we will evaluate the battery
power efficiency of two orthogonal modulations.

III. BATTERY-AWARE PPM AND FSK SCHEMES

In this section, we rely on power-efficient orthogonal modu-
lations to derive battery power-conserving schemes tailored for
WSNs. Our schemes use non-coherent detection and take into
account power-efficient circuit work/sleep operating modes,
carrier/baseband transmissions, low power low-IF transceiver
design, and the nonlinear battery models we outlined in the
previous section.

Frequency shift keying (FSK) is a widely adopted orthog-
onal modulation. The recent emergence of (ultra-)wideband
carrier-free signaling has also spurred renewed interest in
pulse position modulation (PPM), another common orthog-
onal modulation. For a given bandwidth B, the rectangular
transmitted current waveforms corresponding to PPM and
FSK are depicted in Fig. 2. With M -ary PPM and symbol
period Ts, the pulse duration is Tp = Ts/M ≈ 1/B and the
bandwidth efficiency is Be = Rb/B = k/(TsB) ≈ k/M ,
where k = log2 M is the number of bits per symbol. The
frequency separation for M -ary FSK is Δf = B/M and the
pulse duration Tp ≈ 1/Δf = M/B. Since FSK entails no
idle interval, the symbol period is Ts = Tp, which gives
rise to the same bandwidth efficiency Be ≈ k/M as PPM.
As the constellation size M increases, bandwidth efficiency
Be decreases, but the required energy for transmitting a bit
also decreases for any preset error probability. The price paid
for this power efficiency is longer symbol duration in PPM
and larger bandwidth in FSK. In fact, PPM and FSK can
be considered as dual since the former relies on “spiky”
signalling in the time domain whereas the latter relies on
“spiky” signalling in the frequency domain.

We will consider FSK with carrier transmission, and PPM
with carrier/carrier-less transmission. Being orthogonal, both
FSK and PPM can afford low-complexity non-coherent detec-
tion and yield the same SER performance. Non-coherent de-
tection typically refers to signal demodulation in the presence
of unknown carrier phase. In our setup, however, its meaning
is more general. The term “non-coherent detection” will refer
to demodulation without knowledge of the fading channel,
including the phase and amplitude of the fading coefficient.
In the carrier-based mode, the unknown phase can be random
on [0, 2π); whereas in the carrier-less case, the unknown phase
can be either 0 or π. In this broader sense, the non-coherent
receivers corresponding to FSK and PPM will both be energy
detectors, one in the frequency domain and the other in the
time domain. Hence, the same SER formula can be used for
both of them.

As far as SER is concerned, lack of closed form expressions
for a general M motivates upper bounds closely approximating
the SER of M -ary FSK and M -ary PPM at medium-to-
high SNR. To this end, the union bound is well-known and
widely adopted; see also [5] for a tighter bound but with
coherent detection. Here, we establish upper bounds for M -
ary orthogonal modulations with non-coherent detection over
various channels (see Appendix I for the proof):

Lemma 1: If G denotes the channel gain and N0 the spectral
density of the AWGN, the instantaneous SER for M -ary
orthogonal signaling in AWGN with non-coherent detection



TANG et al.: BATTERY POWER EFFICIENCY OF PPM AND FSK IN WIRELESS SENSOR NETWORKS 1311

0 2 4 6 8 10 12
10−4

10−3

10−2

10−1

100

101

SNR (dB)

S
E

R

M=2 
M=4 

M=16 

Fig. 3. SER performance comparisons among the union bounds (circle), our
upper bounds (cf. (6)) (asterisk) and the theoretical results (plus sign) with
M =2, 4, 16.

is upper-bounded by

Pe ≤ 1 −
(
1 − 0.5e− 1

2 G Es
N0

)M−1

. (6)

This bound is universally tighter than the union bound ∀Es/N0

and ∀M but M = 2.

Comparisons among the theoretical result in [14, Chap. 5],
the union bound, and our bound in Lemma 1 are depicted in
Fig. 3 which shows that our bound performs universally better
than the widely-adopted union bound, especially at low-to-
medium SNR. As confirmed by the simulations in Fig. 3, our
SER bound is very close to the true SER. For this reason, we
will henceforth use this bound in lieu of the true SER.

Based on Lemma 1, the transmit energy per symbol for
any prescribed SER Pe in AWGN and path-loss channels is
approximately:

Es = 2N0G
−1 ln

(
2
(
1 − (1 − Pe)

1
M−1

))−1

. (7)

In fading channels, however, the average SER needs to be
considered (see Appendix II for the proof):

Lemma 2: In Rayleigh fading channels, Ḡ := E{G}, the av-
erage SER for M -ary orthogonal signaling with non-coherent
detection is upper bounded by

P̄e ≤ 1 −
(

1 − 1
2 + Ḡ Es

N0

)M−1

, ∀M, Es/N0 . (8)

Using Lemma 2, the transmit energy per symbol for any
prescribed average SER in Rayleigh fading channels is ap-
proximately

Es = N0Ḡ
−1

((
1 − (1 − P̄e)

1
M−1

)−1

− 2
)

. (9)

Eqs. (7) and (9) can be readily applied to PPM and FSK for
path-loss and Rayleigh fading channels respectively.

Based on a generic low-intermediate frequency (low-IF)
transceiver structure, both FSK and PPM with carrier trans-
mission adhere to a similar analog circuit model. On the other

ADC

VCO

LNA IFA

PA

Filter

Filter

Mixer

Filter Filter

VCO

Fig. 4. Transceiver analog circuit blocks.

hand, baseband processing, e.g. source coding, pulse-shaping
and modulation at the transmitter, and low-IF processing, e.g.
demodulation, envelop detection and decision at the receiver,
can be implemented digitally. The associated power consump-
tion is much smaller compared with the power consumption
in the radio frequency (RF) circuit with low data rate and
low-complexity signal processing algorithms. Therefore, we
neglect the power consumption in the digital logic parts
and focus on the analog circuitry. The analog circuit model
is shown in Fig. 4. At the FSK transmitter, the signal is
modulated by switching on different control voltages for a
voltage control oscillator (VCO) to generate the required radio
frequencies. For PPM, a VCO is also needed to carry out the
carrier modulation. After modulation, the RF signal waveform
is amplified and transmitted. At the receiver, the received RF
signal is first converted to an IF signal, then demodulated
and envelop-detected in the baseband digitally. Specifically,
the received RF signal is first filtered by a frontend filter
and amplified by a low noise amplifier (LNA); after cleaned
by an anti-aliasing filter, it is down-converted by a mixer;
then filtered again, it goes through the IF amplifier (IFA)
whose gain is adjustable; finally it is converted to a digital
signal via the analog-to-digital converter (ADC), after which
demodulation and processing are performed digitally. Based
on this circuit model, the power consumption at the transmitter
Pct is

Pct = PLO + Pfilt (10)

and at the receiver

Pcr = PLO + Pmix + PLNA + Pfilr + PIFA + PADC , (11)

where PLO is the power consumption of VCO and Pfilt is that
of the filter at the transmitter. Pmix, PLNA, Pfilr, PIFA and
PADC denote the powers consumed in the mixer, LNA, filter,
IFA and ADC at the receiver, respectively. As to the carrier-
less PPM scheme, compared with the analog circuit model
in Fig.4, the VCO at the transmitter will be replaced by a
pulse generator, which is triggered by the digitally-modulated
signal to produce the baseband PPM signal waveform. At the
receiver, the VCO and the mixer should also be removed.

So far, we have seen that PPM and FSK share the same
bandwidth efficiency and SER performance, and a similar
RF transceiver structure. However, Fig. 2 testifies that their
transmitted signals are quite different. This difference implies
distinct circuit operating modes, discharge current pdfs and
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thereby battery AAPC’s. These differences can be summarized
as follows:

1. To achieve a given SER Pe (or P̄e), PPM and FSK require
identical transmit energy per symbol. Hence, the transmit
powers for PPM (Pp

s ) and FSK (Pf
s ) are related via:

Pp
s (M) = MPf

s (M), simply because Tp = Ts/M with
PPM, and Tp = Ts with FSK. Recall that the superscripts
‘p’ and ‘f ’ are used to distinguish the variables for PPM
and FSK, respectively.

2. As to circuit power consumption, differences arise in
their circuit operating modes. Because PPM has active
and idle intervals, by turning on and off the circuits
according to the transmission state, we consider here a
sleep mode during idle intervals at both transmitter and
receiver. On the other hand, FSK is always in an active
mode. This difference will turn out to have major impact
in the battery power efficiency comparisons that we will
pursue in the next section.

3. Their discharge current pdfs are different:

f(ip) = 1
M δ(ip − Ip) + M−1

M δ(ip), for PPM,
f(if) = δ(if − If ), for FSK,

(12)
where ip and if are the discharge currents for PPM
and FSK, and Ip and If are their corresponding values
in active mode. The pdfs can be used in both the
transmitting node and the receiving node by adding
their corresponding subscripts ‘t’ and ‘r’ to the current
variables in (12). Due to the dependence of μ(i) on f(i)
(cf. (4)), the different pdfs will result in different battery
power efficiencies for PPM and FSK.

4. In addition to their distinct operating modes, the circuit
power consumptions for FSK and PPM are also different
because their components and devices are not identical.
The difference at the transmitter is captured by a factor
θt with Pp

ct = θtPf
ct and commonly θt < 1. Similarly,

we also use a proportionality factor θr to describe the
difference between the circuit power consumptions for
FSK (Pf

cr) and PPM (Pp
cr) at the receiver with Pp

cr =
θrPf

cr, and θr < 1.
Summarizing, both FSK and PPM are power-efficient mod-

ulations. Both can afford low-complexity non-coherent detec-
tion and have a similar RF transceiver structure. While PPM
enables sleep mode during idle intervals, FSK enjoys the opti-
mal discharge current distribution: a single δ function, which
minimizes the battery AAPC if the mean of the discharge
current remains invariant.

To facilitate battery power efficiency comparison between
the two modulation schemes, we define the ratio of their cor-
responding AAPCs as battery power efficiency ratio (BPER)

Re := 10 log
(
Pp

0/Pf
0

)
. (13)

In the ensuing sections, we will quantify Re for different
wireless propagation channels.

IV. BATTERY POWER EFFICIENCY COMPARISONS

Substituting our results in Section III into the system model
that we established in Section II, at the transmitting node, the

transmit powers of PPM and FSK can be expressed in terms
of their transmit energy per symbol as (cf. (7) and (9)):

Pp
s = Es

Tp
= EsB, for PPM,

Pf
s = Es

Ts
= EsB

M , for FSK.
(14)

Setting the circuit power consumption for FSK Pf
ct = Pct,

it follows that the total power consumption at the transmitter
module is

Pp
nt = Esβ + θtPct, for PPM,

Pf
nt = Esβ

M + Pct, for FSK,

where β := (1 + α)B for convenience. Their corresponding
discharge currents in active mode can then be expressed as

Ip
t = 1

V η (Esβ + θtPct) , for PPM,

If
t = 1

V η

(
Esβ
M + Pct

)
, for FSK.

(15)

Substituting (12) and (15) into (4), the battery AAPCs at the
transmitting node can be obtained as

Pp
0t = 1

η · Esβ+θtPct

M · 1
μ(Ip

t )
, for PPM,

Pf
0t = 1

η ·
(

Esβ
M + Pct

)
· 1

μ(If
t )

, for FSK.
(16)

As for the receiving node, owing to no transmit power and
letting the circuit power consumption for FSK be Pf

cr = Pcr,
the total power consumption in the receiver module is

Pp
nr = θrPcr, for PPM, and Pf

nr = Pcr, for FSK.

Similarly, with the associated discharge currents

Ip
r =

θrPcr

V η
, for PPM, and If

r =
Pcr

V η
, for FSK,

and their pdfs expressed in (12), we can derive the battery
AAPCs to be that

Pp
0r = 1

η · θrPcr

M · 1
μ(Ip

t )
, for PPM,

Pf
0r = 1

η · Pcr · 1

μ(If
r )

, for FSK.
(17)

Accordingly, for a node operating in a half-duplex commu-
nication mode, the battery AAPCs for PPM and FSK are
obtained from (5) as

Pp
0 = a

ηM ·
(
(Esβ + θtPct) · 1

μ(Ip
t )

+ 1−a
a · θrPcr · 1

μ(Ip
r )

)
,

Pf
0 = a

ηM ·
(
(Esβ + MPct) · 1

μ(If
t )

+ 1−a
a · MPcr · 1

μ(If
r )

)
.

(18)
Then, by the definition of BPER, we have

Re = 10 log

⎛
⎝ (Esβ + θtPct) · 1

μ(Ip
t )

+ 1−a
a · θrPcr · 1

μ(Ip
r )

(Esβ + MPct) · 1

μ(If
t )

+ 1−a
a · MPcr · 1

μ(If
r )

⎞
⎠ .

(19)
Evidently, FSK is more battery power-efficient if Re > 0, and
vice versa. In the ensuing subsections, we will evaluate Re for
path-loss and Rayleigh fading channels. The density of WSNs
determines the average inter-sensor distance d and thus the
transmit power Ps, which is proportional to dk in Kth-power
path-loss channel and may vary 2K orders depending on d
which may vary from a few meters to a few hundred meters.
Since the circuit power consumption remains approximately
constant irrespective of d, we define as sparse WSNs those
for which Ps � Pct and Ps � Pcr; otherwise, we term them
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dense. In the former scenario, the circuit power consumption
is much smaller than the transmit power and is thus negligible;
whereas in the latter scenario, the circuit power consumption
cannot be neglected.

A. Path-Loss Channel

For a Kth-power path-loss channel, the gain factor Gd

depends on the transceiver distance d and is given by Gd =
Ps/Pd = Mld

KG1, where the link margin Ml accounts for
the effects of transceiver hardware, residual additive back-
ground interference, and G1 is the gain factor at d = 1 which
is specified by the antenna gain, carrier frequency and other
system parameters. With G = 1/Gd, the transmit energy per
symbol in Eq. (7) is a function of both M and d:

Es(M, d) = 2N0MlG1d
K · ln

(
2
(
1 − (1 − Pe)

1
M−1

))−1

.

(20)
Hence, the corresponding discharge currents, battery AAPC
and BPER all are functions of M and d. Additionally, we
prove in Appendix III the following properties for Es(M, d):

Lemma 3: The required energy per symbol in path-loss
channels Es(M, d) is a monotonically increasing function of
M , ∀Pe; while Es(M, d)/M is a monotonically decreasing
function of M for the practical SER range Pe ≤ 0.0677.

With Lemma 3, we are now ready to compare the battery
power efficiency of PPM and FSK for sparse and dense WSNs.
For a clear development, we start with the sparse case.
A.1. Sparse WSNs: When the circuit power consumption is
considered to be negligible compared with the transmit power,
i.e., when Pct = 0 and Pcr = 0, the battery AAPCs in (18)
turn out to be

Pp
0 (M, d) = 1

2η
Es(M,d)β

M
1

μ(Ip
t (M,d))

, for PPM,

Pf
0 (M, d) = 1

2η
Es(M,d)β

M
1

μ(If
t (M,d))

, for FSK,
(21)

where the discharge current Ip
t (M, d) and If

t (M, d) can be
obtained from (15) as

Ip
t (M, d) = Es(M,d)β

V η , for PPM,

If
t (M, d) = Es(M,d)β

MV η , for FSK.
(22)

Then, the resulting BPER is that

Re(M, d) = 10 log

(
μ(If

t (M, d))
μ(Ip

t (M, d))

)
. (23)

Evaluating Re(M, d), we obtain the following result.

Proposition 1: In sparse WSNs over pass-loss channels, where
the circuit power consumption is neglected, the following
results hold true:

i) FSK is more battery power-efficient than PPM ∀M and
∀d.

ii) For a fixed d, the power advantage of FSK over PPM
increases as M increases.

iii) For a fixed M , the power advantage of FSK over PPM
increases as d increases.

iv) The advantage of FSK over PPM is at most 3dB; that is,
max{Re(M, d)} < 3dB, ∀M, d.

Proof: see Appendix IV.
The intuition behind Proposition 1 can be obtained from

the discharge current pdfs and their average values for PPM
and FSK. According to the system model in Section II, to
achieve a given SER Pe in path-loss channels, the average
transmit power for PPM and FSK is identically equal to
p̄p

s = p̄f
s = Es/Ts. With Pct = 0 and Pcr = 0, the battery

discharge powers only rely on the transmit power so that
their average discharge powers are also the same p̄p

t = p̄f
t .

As pt = V it, the mean values of their discharge currents
obey īpt = īft . However, the FSK discharge current ift has the
optimal distribution function: a single δ function, which leads
to a higher power efficiency.

It appears from Proposition 1 that one should always prefer
FSK ∀M, d. But if the circuit power consumption is taken into
account, we will arrive at a different conclusion.
A.2. Dense WSNs: When the circuit power consumption
Pct �= 0 and Pcr �= 0, the corresponding battery discharge
currents, battery AAPCs and BPER have all been presented
at the beginning of this section; see Eqs. (15) to (18). In fact,
when a node operates as a receiver and there is only circuit
power consumption, the battery generally discharges linearly,
that is:

μ(Ip
r (M, d)) ≈ μmax, and μ(If

r (M, d)) ≈ μmax. (24)

Hence, we can rewrite (19) as

Re(M, d)

= 10 log

(
(Es(M,d)β+θtPct)· 1

μ(Ip
t (M,d))

+ 1−a
a ·θrPcr· 1

μmax

(Es(M,d)β+MPct)· 1
μ(If

t (M,d))
+ 1−a

a ·MPcr · 1
μmax

)
.

(25)
When Pct = 0 and Pcr = 0, Re(M, d) simplifies to (23) and is
positive. But at the transmitter, as Pct increases, the discharge
currents Ip

t and If
t in (15) increase by the same order of

magnitude and so do the battery AAPCs Pp
0t and Pf

0t in (16).
Pdfs of the discharge currents ipt and ift in (12) indicate that
the mean īt

f increases more rapidly than īt
p. Consequently,

Pf
0t increases more rapidly than Pp

0t. Also at the receiver, Eqs.
(17) and (24) show that Pf

0r ≥ Pp
0r, ∀M and their difference

rises when Pcr increases. It is expected that, when circuit
power Pct and Pcr exceeds certain values, Pf

0 will be greater
than Pp

0 and the BPER Re(M, d) becomes negative, rendering
PPM more battery power-efficient than FSK. Since the Pct

and Pcr threshold for which Re(M, d) = 0 is not analytically
tractable, we will resort to a lower bound Pcl(M, d). From
(25), we have

Re(M, d)

< 10 log
(

(Es(M,d)β+θtPct)
1

μmin
+ 1−a

a ·θrPcr
1

μmax

(Es(M,d)β+MPct)
1

μmax
+ 1−a

a ·MPcr
1

μmax

)
= 10 log

(
Es(M,d)β+θPc

Es(M,d)β+MPc
· μmax

μmin

)
.

(26)

where Pc = Pct + 1−a
a Pcr, θ = θt − 1−a

a (θt − θr
μmin
μmax

)Pcr

Pc

and 0 < θ < 1 with the assumption of μmin
μmax

< θt ≤ 1.

Notice that so long as 10 log
(

Es(M,d)β+θPc

Es(M,d)β+MPc
· μmax

μmin

)
< 0, it
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is guaranteed that Re(M, d) < 0. Hence,

Pc > Pcl(M, d) := β(μmax−μmin)
μminM−θμmax

· 2N0MlG1d
K ·

ln
(
2
(
1 − (1 − Pe)

1
M−1

))−1

, ∀M, d,
(27)

where in establishing (27), we used the fact that μminM ≥
2μmin > 1 > θμmax. When Pc ≥ Pcl(M, d), we have
Re(M, d) < 0 and PPM outperforms FSK. Furthermore, this
critical power Pcl(M, d) has the following property:

Lemma 4: The critical power Pcl(M, d) is a monotonically
decreasing function of M for the practical range Pe ≤ 0.0677;
it is also a monotonically increasing function of d, ∀Pe < 0.5.

Proof: The first part can be proved by using the approach in
Appendix III. We obtain an upper bound on the derivative of
Pcl(M, d):

∂Pcl(M,d)
∂M ≤ β(μmax−μmin)

(μminM−θμmax)2 ·(
2N0Gd(μminM−θμmax)

M−1 − Et(M, d)
)

.
(28)

This upper bound is negative as long as Pe ≤ 0.5e
μmaxθ
μmin

−2.

Moreover, μmax/μmin > 1 and θ > 0 imply that 0.5e
μmaxθ
μmin

−2

> 0.5eθ−2 > 0.5e−2 ≈ 0.0677. As a result, we have
∂Pcl(M, d)/∂M < 0, ∀Pe ≤ 0.0677. It is worth stressing
that even though the SER range Pe ≤ 0.0677 is indeed
practical, it is rather pessimistic. For μmax/μmin = 2 and
θ → 1, the SER range over which Pcl(M, d) is decreasing
with M can be extended to Pe < 0.5. The second part can
be proved by simply inspecting the definition of Pcl(M, d) in
(27). �

Based on Lemma 4 and (25), we next compare the battery
power efficiency of PPM and FSK:

Proposition 2: In dense WSNs over Kth power path-loss
channels without fading, circuit power consumption Pc is non-
negligible and the following results hold true:

i) For any (M, d) pair, there exists a critical power
Pcl(M, d) as in (27) such that when Pc > Pcl(M, d),
Re(M, d) < 0 and PPM is more battery power-efficient
than FSK.

ii) For any given d, if Pc > Pcl(2, d), then PPM has a
power advantage over FSK ∀M .

iii) For any given d, if Pc ≤ Pcl(2, d), there exists a critical
constellation size M0 ≥ 2, beyond which PPM has power
advantage over FSK ∀M ≥ M0.

iv) For any given M , there exists a critical distance d0,
within which PPM has power advantage over FSK ∀d ≤
d0.

v) For small d that makes Pc = Pct + 1−a
a · Pcr �

Es(M, d)β, BPER Re(M, d) ≈ 10 log(θ′/M), and the
power advantage of PPM over FSK is very significant
for large M .

Proof: Arguing by construction, Pcl(M, d) ensures that
Re(M, d) < 0, ∀Pc > Pcl(M, d). Furthermore, the first part
of Lemma 4 shows that Pcl(M, d) is monotonically decreasing
with M ; hence, if Pc > Pcl(2, d), then Pc > Pcl(M, d),
∀M . When 0 < Pc ≤ Pcl(2, d), there always exists a unique
M0 ∈ [2,−∞) such that Pcl(M0, d) ≤ Pc, ∀M ≥ M0.
Consequently, Re(M, d) < 0, ∀M ≥ M0. Similarly, iv) can

be proved based on the second part of Lemma 4. Finally, for
small d that makes Pc � Es(M, d)β, the battery discharges
linearly so that μ(Ip

t (M, d)) ≈ μ(If
t (M, d)) ≈ 1. Then

BPER Re(M, d) ≈ 10 log
(

Es(M,d)β+θtPct+
1−a

a ·θrPcr

Es(M,d)β+MPct+
1−a

a ·MPcr

)
=

10 log( Es(M,d)β+θ′Pc

Es(M,d)β+MPc
) ≈ 10 log(θ′/M), where θ′ = θt −

1−a
a (θt − θr)Pcr

Pc
. It takes a large negative value for large

M , and thus the power advantage of PPM over FSK is very
significant. �

It is worth mentioning that our results derived for path-loss
channels subsume the AWGN channel as a special case, by
setting the channel gain factor to 1; i.e., Gd = Mld

KG1 = 1.
Then, the transmit energy per symbol Es, BPER Re and other
power variables become functions of M . Therefore, the results
in Proposition 2 with the premise of a fixed d are appropriate
for the AWGN channel too.

If the typical linear battery model is applied to battery power
efficiency comparisons between PPM and FSK, the battery
efficiency factor is μ(I) = μmax, I ∈ (Imin, Imax), instead of
(2) and (3). The resulting BPER in the path-loss channel (cf.
(25)) is

Re(M, d) = 10 log
( Es(M, d)β + θtPct + 1−a

a · θrPcr

Es(M, d)β + MPct + 1−a
a · MPcr

)
.

(29)
Obviously, Re(M, d) ≤ 0, ∀M, d and thus PPM is always
more power efficient than FSK in dense WSNs, where Pct �= 0
and Pcr �= 0. In the sparse WSNs, corresponding to Pct → 0
and Pcr → 0, PPM has the same battery power efficiency as
FSK. Comparing these results with those in Proposition 1 and
2, the differences mainly appear in a relatively-long-distance
communication, where larger transmit power is needed and
the corresponding large discharge current results in non-linear
battery power consumption.

So far, we have seen that in path-loss channels, FSK is
more battery power-efficient ∀M, d in sparse WSNs with the
advantage upper bounded by 3dB; whereas PPM can be more
battery efficient in dense WSNs with a more significant power
advantage. Next, we will consider Rayleigh fading channels
with path-loss effects.

B. Rayleigh Fading Channels with Path-Loss Effects

In Rayleigh fading channels, the transmit energy per symbol
for a preset average SER P̄e is given by (9). When both fading
and path-loss effects are considered, the instantaneous channel
gain becomes G = φ2/Gd, where Gd = Mld

KG1 models
the path-loss effect and φ is the Rayleigh distributed attenua-
tion factor. Consequently, φ2 is exponentially distributed and
E{φ2} = 1. Hence, the transmit energy per symbol in (9) can
be rewritten as

E ′
s(M, d) = N0MlG1d

K

((
1 − (1 − P̄e)

1
M−1

)−1

− 2
)

, (30)

where the prime ′ is used to differentiate this subsection’s
quantities in the presence of fading. As expected, the transmit
energy per symbol is again a function of M and d.
B.1. Sparse WSNs: With Pc = 0, the discharge currents
for PPM and FSK, as well as their corresponding battery
AAPCs have the same form as in (22) and (21), with Es(M, d)
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replaced by E ′
s(M, d). Not surprisingly, we have R′

e(M, d) =
10 log(μ(If

t

′
(M, d))/μ(Ip

t
′(M, d))) > 0, and the following

results:

Proposition 3: In sparse WSNs over Rayleigh fading channels
with path-loss effects, and when circuit power consumption
is ignored, results i), iii) and iv) in Proposition 1 hold true.
Additionally, with the same (average) SER requirement, we
have R′

e(M, d) > Re(M, d), ∀M, d; that is, channel fading
induces an increase of the FSK power advantage over PPM.

Proof: Proving results i), iii) and iv) follows the proof
of Proposition 1. We will next prove that R′

e(M, d) >
Re(M, d), ∀M, d, when the prescribed average SER P̄e in
fading channels equals the SER Pe in path-loss channels.
Since ∂Re(M, d)/∂Es(M, d) > 0 proved in Appendix IV, it
suffices to prove that E ′

s(M, d) > Es(M, d). With P̄e = Pe,
the required energy per symbol in (20) and (30) become:

Es(M, d) = 2N0Gd(ln
(
1 − (1 − Pe)

1
M−1

)−1

− ln 2),

E ′
s(M, d) = N0Gd

((
1 − (1 − Pe)

1
M−1

)−1

− 2
)

.

Using the inequality ln x ≤ x − 1, it then follows that
E ′

s(M, d) > Es(M, d). �
Albeit larger, notice that the power advantage of FSK over

PPM is still upper bounded by 3dB.
B.2. Dense WSNs: In this case, the discharge currents for
PPM and FSK, as well as their corresponding battery AAPCs
have the same form as those from (15) to (18), with Es(M, d)
replaced by E ′

s(M, d). The corresponding BPER is

R′
e(M, d)

= 10 log

(
(E′

s(M,d)β+θtPct)· 1
μ(Ip

t
′(M,d))

+ 1−a
a ·θrPcr· 1

μmax

(E′
s(M,d)β+MPct)· 1

μ(If
t
′
(M,d))

+ 1−a
a ·MPcr · 1

μmax

)
,

(31)
and the critical power is

P ′
cl(M, d) =

β(μmax − μmin)
μminM − θμmax

· E ′
s(M, d). (32)

Proposition 4: In dense WSNs over Rayleigh fading channels
with path-loss effects, results i), iv) and v) in Proposition 2
hold true. Additionally, with the same (average) SER require-
ment, we have R′

e(M, d) > Re(M, d), ∀M, d.

Proof: Proving results i), iv) and v) is straightforward given
the proof of Proposition 2. In Proposition 3, we have also
shown that E ′

s(M, d) > Es(M, d), ∀M, d. So what is left is to
find out whether ∂Re(M, d)/∂Es(M, d) > 0 with Re(M, d)
given by (25). Let us rewrite (25) as

Re = Re1 + Re2

= 10 log
(

Esβ+θtPct+
1−a

a · θrPcr
μmax

μ(Ip
t )

Esβ+MPct+
1−a

a · MPcr
μmax

μ(If
t )

)
+ 10 log

(
μ(If

t )

μ(Ip
t )

)
.

(33)
Then, differentiation of the first summand Re1 yields

∂Re1
∂Es

= 10
ln(10) ·(

β+ 1−a
a · θrPcr

μmax
·

∂μ(Ip
t )

∂Es

Esβ+θtPct+
1−a

a · θrPcr
μmax

μ(Ip
t )

− β+ 1−a
a · MPcr

μmax
·

∂μ(If
t )

∂Es

Esβ+MPct+
1−a

a · MPcr
μmax

μ(If
t )

)
,

(34)

and that of the second summand Re2

∂Re2

∂Es
=

10
ln(10)

(
∂μ(If

t )/∂Es

μ(If
t )

− ∂μ(Ip
t )/∂Es

μ(Ip
t )

)
. (35)

For battery model (2),

∂μ(If
t )

∂Es
= − ν

V η

β

M
, and

∂μ(Ip
t )

∂Es
= − ν

V η
β. (36)

Substituting (36) into (34) and (35), we obtain that
∂Re1/∂Es > 0 and ∂Re2/∂Es > 0 by the facts that μ(If

t ) >
μ(Ip

t ) and θr < 1, and thus ∂Re/∂Es > 0. For the battery
model (3),

∂μ(If
t )

∂Es
= − 2ν

V η

β

M
If
t , and

∂μ(Ip
t )

∂Es
= − 2ν

V η
βIp

t . (37)

Similarly, by substituting (37) into (34) and (35), we find that
∂Re/∂Es = ∂Re1/∂Es + ∂Re2/∂Es > 0 because Ip

t > If
t

and μ(If
t ) > μ(Ip

t ). �

V. NUMERICAL RESULTS

To confirm our theoretical analysis, we will present quan-
titative results for Propositions 1-4 by an example of the
system shown in Fig. 1(a). The system parameters are listed
in Table I. The power supply consists of a generic Li-ion
battery with discharge voltage V = 4.2V, discharge current
with rated maximum Imax = 10A and rated minimum Imin =
0A, battery efficiency factor with maximum μmax = 1 and
minimum μmin = 0.51. Then, according to the battery models
(2) and (3), we obtain that ω = 0.05 and ν = 0.005. The
parameters for the analog circuitry and channels are as in [2],
which correspond to general transceivers at 2.5GHz in the
Industrial-Scientific-Medical (ISM) band. The power spectral
density of the AWGN is N0/2 = σ2 = −164dBm/Hz. A class
B power amplifier is used at the transmitter, which makes the
drain efficiency ς = 0.75. The PAPR is ξ = 1 for both FSK
and PPM because they have constant modulus during their
transmission intervals. Additionally, the proportionality factor
between the circuit power consumption for FSK and PPM is
θt = 0.8 at the transmitter and θr = 0.95 at the receiver. With
the low data rate and low power setup, we take the bandwidth
B = 10kHz and symbol error rate Pe = 10−3 for both path-
loss and fading channels.

First, we consider sparse WSNs. Corresponding to Proposi-
tions 1 and 3, Fig. 5 illustrates that the BPER Re > 0 and FSK
outperforms PPM ∀d when M = (2, 4, 8) in both path-loss
and fading channels. And the BPER increases as d increases.
It can also be verified from the figure that FSK has power
advantage over PPM ∀M when d is specified. Moreover, we
notice that BPER ≤ 3 dB in sparse WSNs (in our system
μmax = 1 and μmin = 0.51).

Then, we investigate the power advantage regions of PPM
and FSK in dense WSNs. Fig. 6 confirms the existence of
critical power Pcl(M, d) and P ′

cl(M, d) for all pairs (M , d) as
asserted by i) in Propositions 2 and 4, and the monotonically-
decreasing properties of Pcl(M, d) over M and d described in
Lemma 4. It also shows the PPM and FSK advantage regions
over M when d = 250m, and over d when M = 4 with critical
points M0 and d0 for the path-loss channel, and d′

0 for the
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Battery & Converter
V = 4.2 V Imax = 10A Imin = 0A
μmax = 1 μmin = 0.51 η = 0.8

Modulation & Analog Circuit

fc = 2.5GHz ξ = 1 ς = 0.75
Psyn = 50mW Pfilt = 2.5mW PLNA = 20mW

Pmix = 30.3mW PIF A = 3mW Pfilr = 2.5mW
θt = 0.8 θr = 0.95 a = 0.2

Channel & QoS
K = 3.0 G1 = 30dB Ml = 40dB

N0
2 = −164dBm/Hz B = 10KHz Pe = 10−3

TABLE I

SYSTEM PARAMETERS
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Fig. 5. BPER over transmission distance d with k=1, 2, 3 in sparse WSNs.

fading channel;We observe that P ′
cl(M, d) > Pc ∀M in the

first plot of the figure, which confirms that FSK outperforms
PPM ∀M when d = 40m in fading channel. What is more, the
advantage regions of PPM and FSK can also be shown on the
2D (M , d) plane. They are distinguished by the critical curves
Pcl(M, d) = Pc for the path-loss channel and P ′

cl(M, d) = Pc

for the fading channel, which are shown in the first plot of Fig.
7. The area above each critical curve is the advantage region of
FSK for the corresponding channel and the areas below them
are their advantage regions of PPM. We notice that in very
dense WSNs, PPM outperforms FSK ∀M in both channels.
It is clear that PPM dominates short-term transmission (dense
WSNs) as FSK does in long-term transmission (sparse WSNs).
However, both PPM and FSK schemes have limits of maximal
transmission distance. These are related to the charge current
rated maximum Imax and μmin = μ(Imax). The maximal
transmission distances for PPM and FSK in both channels
can be derived by substituting their related current expressions
into (2) or (3); and corresponding numerical results are shown
in the second plot of Fig. 7. Obviously, with the same
modulation scheme and same system parameters, the maximal
transmission distance for the fading channel is much shorter
than that for the path-loss channel. The reason is that the
required transmit power to achieve the same SER is much
greater in fading channel than in path-loss channel.

Finally, we give the BPER numerical values in dense WSNs
for both channels. Fig. 8 shows that, in small transmission
distance, d = 30m in path-loss channel and d = 5m in fading
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Fig. 6. Circuit power consumption (CPC) Pc, critical power (CP) Pcl and
advantage regions for PPM and FSK versus k (Plot 1) and d (plot 2) in dense
WSNs.

channel, their according BPERs Re < −15 dB when k = 6
(M = 64) and the power advantage of PPM over FSK is very
significant, as claimed by v) in Proposition 2 and 4. Also, we
observe that R′

e(M, d) > Re(M, d) for all M when d = 30m
in the figure, which corroborates the result of Proposition 4.

VI. CONCLUSIONS

In this paper, we have studied and compared the battery
energy efficiency of PPM and FSK schemes for a fully-
functioning node, where the battery power consumption is
closely related to the transmit power, analog circuit power con-
sumption during transmission and reception modes and battery
non-linearity. The results reveal interesting properties of PPM
and FSK with respect to battery power efficiency, dependence
on the sensor node distribution, modulation constellation size
and the type of the wireless channel. Specifically, in sparse
WSNs with negligible circuit power consumption, FSK has
power efficiency advantage over PPM for all constellations of
any size M and transmit distance d in path-loss and fading
channels; the advantage in fading channels is greater than that
in path-loss channels; and the advantage is no more than 3 dB.
However, when transmission distance decreases and the circuit
power consumption is comparable to the transmit power, PPM
and FSK have their respective advantage regions: PPM is more
energy-efficient at relatively higher data rates and/or denser
sensor deployments; and the advantage of PPM over FSK in
path-loss channels is greater than that in fading channels; In
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very dense WSNs, when circuit power consumption dominates
the total power consumption of sensors, PPM outperforms
FSK over all M and exhibits a big advantage, especially for
large M .

APPENDIX I
PROOF OF LEMMA 1

With non-coherent energy detection, the SER of equi-
probable M-ary orthogonal modulations is [14, Chap. 5]:
Pe =

∫∞
0

(1 − (1 − e−x2/2)M−1)f(x)dx, where f(x) =
xe−(x2+2γ)/2I0(

√
2γx) is the Rice probability distribution

function and γ = GEs/N0 is the receive SNR. Since 1− (1−
y)M−1 is a concave function on y ∈ [0, 1], Jensen’s inequality
implies that E{1−(1−y)M−1} ≤ 1−(1−E{y})M−1. Setting

y = e− x2
2 , we obtain

Pe = 1−∫∞
0

(
1−e− x2

2

)M−1

f(x)dx

≤ 1−
(
1−∫∞

0
e− x2

2 f(x)dx
)M−1

=1−(1− 1
2e− γ

2
)M−1

.

(38)

Next, we will show that the bound in (38) is tighter than the
union bound; that is

1 −
(

1 − 1
2
e− γ

2

)M−1

≤ (M − 1)
1
2
e− γ

2 , ∀M ≥ 2, γ ≥ 0.

(39)
As function 1 − (1 − y)M−1 is concave on y ∈ [0, 1], it is
always upper bounded by its tangent line passing through point
(0,0); i.e., 1−(1−y)M−1 ≤ (M −1)y. Setting y = e− γ

2 leads
to (39).

APPENDIX II
PROOF OF LEMMA 2

In Rayleigh fading channels, the channel gain G is a variant
with exponential distribution. Then γ = GEs/N0 follows to
be exponentially-distributed: f(γ) = (1/γ̄)e−γ/γ̄ with γ̄ :=
E{GEs/N0} = ḠEs/N0. Using (38), we have:

P̄e =
∫∞
0

Pe(γ)f(γ)dγ

≤ ∫∞
0

(
1 − (1 − 1

2e− γ
2
)M−1

)
· 1

γ̄ e− γ
γ̄ dγ

= 1 −
(
1 − 1

2+γ̄

)M−1

.

APPENDIX III
PROOF OF LEMMA 3

By definition, the required energy per symbol is:

Es(M, d) = −2N0Gd ln
(
2
(
1 − (1 − Pe)

1
M−1

))
= −2N0Gd ln

(
2
(

1 − P
1

M−1
c

))
,

(40)

where Pc := 1−Pe is the probability of correctly decoding a
symbol. Differentiating, we find

∂Es(M, d)
∂M

= 2N0Gd
P

1
M−1

c

1 − P
1

M−1
c

· − ln Pc

(M − 1)2
> 0, (41)

where to establish the inequality, we used the fact that 0 <
Pc < 1. Eq. (41) proves that Es(M, d) is an increasing function
of M . Next, we will show that ∂Es(M, d)/∂M is upper
bounded by 2N0Gd/(M−1), ∀M > 1. To this end, we notice
first that

∂
∂Pc

∂Es(M,d)
∂M

= 2N0Gd
P

2−M
M−1

c

(M−1)2
�

1−P
1

M−1
c

�2

(
P

1
M−1

c − 1 − ln P
1

M−1
c

)
≥ 0,

where the equality holds if and only if Pc = 1. We hence
obtain the following bound (cf. (41)):

∂Es(M, d)
∂M

≤ lim
Pc→1

∂Es(M, d)
∂M

=
2N0Gd

M − 1
.

Based on this upper bound, we find that

∂
∂M

Es(M,d)
M = 1

M2

(
M ∂Es(M,d)

∂M − Es(M, d)
)

≤ 1
M2

(
2N0GdM

M−1 − Es(M, d)
)

.

Using the definition of Es(M, d) in (40), it can be shown
that the right-hand side of the above equation is negative so
long as Pc ≥ P (M) =

(
1 − e−M/(M−1)/2

)M−1
, ∀M ≥ 2.
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Moreover, the upper boundP(M ) is maximized atM = 2
because

� ln P (M )
�M = ln

�
1 Š e

Š M
M Š 1

2

�
Š 1

2Š e
Š M

M Š 1
· 1

M Š 1 · e
Š M

M Š 1

< 0 .

Consequently, we have

�
�M

Es(M, d)
M

< 0, � M � 2, (42)

as long asPc � P(2) � 0.9323. In other words, over
the practical SER rangePe � 0.0677, Es(M, d)/M is a
decreasing function ofM .

APPENDIX IV
PROOF OFPROPOSITION1

Since I p
t (M, d) > I f

t (M, d) (cf. (22)) and µ(I t ) is a
monotonically decreasing function ofI t (cf. (2) and (3)),
we have µ(I f

t (M, d)) > µ (I p
t (M, d)) and accordingly

Re(M, d) > 0. Thus, the battery AAPC of FSK is always
smaller than that of PPM.

To prove thatRe(M, d) is an increasing function ofM , we
start from its deÞnition in (23). With the battery models (2)
and (3), we have respectively:

Re(M, d) = 10 log
�

µ( I f
t (M,d ))

µ ( I p
t (M,d ))

�
= 10 log

�
1Š � · �

V � · Es ( M,d )
M

1Š � · �
V � ·Es (M,d )

�

and

Re(M, d) = 10 log
�

1 Š �
�

�
V � · Es (M,d )

M

� 2
�

Š 10 log
�

1 Š �
�

�
V � · Es(M, d)

� 2
�

.

In both cases,Es(M, d)/M appears in the numerator while
Es(M, d) appears in the denominator. Based on (41) and (42),
we deduce thatRe(M, d) increases monotonically withM for
both battery models.

Then, for any givenM , we will prove thatRe(M, d) is
an increasing function ofd. As the only d-dependent term
in Re(M, d) is Es(M, d), it sufÞces to apply the chain rule:
�R e (M,d )

�d = �R e (M,d )
� Es (M,d ) · � Es (M,d )

�d . With battery models (2) and
(3), we have respectively (cf. (23)):

�R e(M, d)
� Es(M, d)

=

�
�

�

10
ln(10) · (M Š 1) µ ( I p

t (M,d ))

M µ ( I f
t (M,d ))

· ��
(1Š �� Es (M,d )) 2 ,

10
ln(10) · (M 2 Š 1) µ ( I p

t (M,d ))
M 2 µ ( I f

t (M,d ))
· 2	� 2 Es (M,d )

(1Š 	� 2 E2
s (M,d )) 2 ,

(43)
where � := �/ (V � ) is a constant. Evidently, Eq. (43) is
positive for both cases. Furthermore, the derivative� Es (M,d )

�d >
0, � Pe < 0.5 can be readily obtained from its deÞnition
(20). Therefore, for any givenM , the BPERRe(M, d) is an
increasing function ofd.

The upper bound of BPER can be obtained based on
the intrinsic property of batteries as followsRe(M, d) =

10 log
�

µ( I f
t (M,d ))

µ ( I p
t (M,d ))

�
� 10 log

�
µ max
µ min

�
. Since µmax = 1 and

µmin > 0.5, the upper bound turns out to be 3dB.
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